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For a lattice L, the set Con L of all congru-
ences of L, partially ordered by inclusion, is
an algebraic lattice. Its compact elements are
the finitely generated congruences, that is, the
congruences of the form

\ ©r(aib;),
1<n
where aqg, ..., ap—1, bg, ..., bp_1 € L and

©;(a;,b;) denotes the principal congruence of L
generated by (a;, b;).

We denote by Conc L the (Vv,0)-semilattice of
all compact congruences of L.

ConL =1d(Conc L), the ideal lattice of Conc L.

Problems about Con L are often more conve-
niently stated in terms of Conc L.



N. Funayama and T. Nakayama proved, in 1942,
the following.

Proposition 1 The lattice ConL is distribu-
tive, for every lattice L.
Nontrivial direction: prove the containment

an(bve) C(andb)Vv(anc),
for all a, b, c € Con L.

Use the following lattice polynomial:
m(z,y,z) =(xAy)V(zAz)V(yAz).

It is a majority operation on any lattice:
m(y,x,x) = m(z,y,x) = m(z,z,y) = =.

If x =4n(bve) ¥ then there exists a finite se-
quence

= 20=pRl1=c " "=crR2n—/2Y.
Put t;, = m(x,vy, 2z;). Then

r = to —a/Ab t]_ —a/c ' =alc t2n — Y,

SO T =(anb)v(anc) Y-



Semilattice-theoretical translation:

Proposition 2 The semilattice Conc L is dis-
tributive, for every lattice L.

A (Vv,0)-semilattice S is distributive, if for all
a, bce S, if c<aVvhb, then there are x < a and
y < bsuch that c=x Vv y.

aVb
a b

C
L Y

Equivalently, the ideal lattice IdS of S is dis-
tributive.




The Congruence Lattice Problem (CLP) was
formulated by R. P. Dilworth in 1945.

Problem 1 (CLP) Is every algebraic distribu-
tive lattice isomorphic to Con L, for some lat-
tice L?

Semilattice-theoretical formulation:

Problem 1’ Is every distributive (V,0)-semilat-
tice isomorphic to Conc L, for some lattice L?

For finite L, congruences of L can be easily
computed in terms of the join-dependency re-
lation D on L. For a #= b in J(L), a Db if there
exists x € L such that a < bV x is minimal in b.
Let < denote the reflexive, transitive closure
of D. Then, for p, q € J(L),

Or(px,p) COr(gx,q9) < pJq.



Now let S be a finite, distributive (v, 0)-(semi)-
lattice. A subset X C J(S) x 3 is closed, if for
all distinct ¢, 7, k <3 and all p, q, r € J(S) with

p<gq,r and p € {q,r},
<Q7j>7<7n7 k> c X = <p,z> c X.

Let ©(S) denote the lattice of all closed sub-
sets of J(S) x 3.

Proposition 3 The lattice ®(S) is finite ato-
mistic, and Con®d(S) = S.

G. Gratzer and E. T. Schmidt (1962) obtained,
for every finite S, a finite, sectionally com-
plemented L with ConL = S and |J(L)| <
2|J(S)|. The best possible constant for L finite
is given by |J(L)| < (5/3)|J(S)| (G. Gratzer
and F. Wehrung, 1999).

Now we move to infinite lattices.

Lemma 4 (P. Pudlak, 1985) Every distribu-
tive (v,0)-semilattice is the directed union of
its finite distributive (Vv,0)-subsemilattices.
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This suggests to combine Proposition 3 and
Lemma 4:

(1) Express an arbitrary distributive (v, 0)-semi-
lattice S as the directed union of its finite
distributive (v, 0)-subsemilattices.

(2) Define d(S) as lim (P(X) | X C S finite).
(3) Hope that Conc d(S) = S.

Item (1) is Pudlak's Lemma.

Item (3): for every lattice homomorphism
fi: K — L, let Concf: Conc K — ConcL be
the (v,0)-homomorphism defined by the rule

(Conc fi(a) =/ ©Or(f(z), f(y)).

(r,y)Ea



Lemma 5 The correspondence K — Conc K,
f — Conc f is a functor, which preserves direct
limits. In particular, Conclim ;crL; = lim ;cy Cong L;.

And Item (2)7?

Reminder: for finite S, ®(S) is defined as the
lattice of all “closed” subsets of J(S)x 3. This
looks like a quite “natural” definition.

However, & is not a functor (from semilattices
to lattices). Thus there is no way to define
anything like lim (®(X) | X C S finite)!

Problem: define &(f), where f: A — B is a
(v, 0)-semilattice-embedding.



In case f is a lattice embedding, the dual func-
tion f*: J(B) — J(A) defined by

f*(q) = least p € A such that ¢ < f(p)

is order-preserving, defined on a hereditary sub-
set of J(B), and surjective. This is still not suf-
ficient to define a nice lattice homomorphism
d(A) — d(B). For this, we need f* to be
proper:

f(z) < f(y) = (3=)(z <z and f7(z) = f*(y)).

By lifting order-preserving surjective functions
(between finite posets) by proper homomor-
phisms of finite reflexive relational systems, P.
Pudlak obtains the following result.

Theorem 6 There exists a functor VW, from
distributive 0-lattices and (v, \,Q)-embeddings,
to O-lattices and (V, \,Q)-embeddings with CEP,
such that ConcoW js naturally equivalent to
the identity.



Illustration of the natural equivalence:

f
4 VoA, 0 B
ConcW(A) Conc W (/) Conc W (B)

In particular, ConcW(S) = S, for every dis-
tributive lattice S with zero. Furthermore,
W (S) is a direct limit of finite, atomistic lat-
tices and lattice embeddings with CEP.

Corollary 7 (E. T. Schmidt, 1981) Every dis-
tributive 0-lattice S is isomorphic to ConclL,
for some lattice L.



The lattice L = W(S) obtained by Pudldak’'s
method has some additional properties:
L = U;er L; (directed union), where the L;-s
are finite atomistic. In particular, L is locally
finite.

Schmidt’'s method proceeds differently. It es-
tablishes that S = B/0, for some generalized
Boolean semilattice B and some distributive
V-congruence 6 of B. Schmidt's Lemma says
that every such semilattice is representable (as
Conc L for some lattice L).

However, the methods above are not sufficient
to solve CLP.
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(i)

(ii)

Theorem 8 (F. Wehrung, 1999) There ex-
ists a distributive (V,0)-semilattice S, of size X,
with the following properties:

S £ Conc L, for any direct limit L of finite
atomistic lattices, or any sectionally comple-
mented lattice, or any relatively complemented
lattice.

S is not a (weakly) distributive image of any
generalized Boolean semilattice.

In fact, one can take S = Con¢ Fy(ws2), where V
is any non-distributive variety of lattices (M.
PlosCica, J. Tdma, and F. Wehrung, 19298).
The negative property used is a uniform refine-
ment property, WURP, not satisfied by that S.
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Let a distributive (V,0)-semilattice S satisfy
WURP, if for all e € S and all families {(a; | i € I)
and (b; | ¢ € I) such that a; Vb; = e for all i € I,
there exists a family (c;;|ic ) of elements
of S such that for all ¢, 5, k € I,

(i) cij <a;bj,
(i) a; V b; V Cij = €,

(III) Ci,k S Ci,j V Cj,k'
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(ii)

The following is a consequence of work from
M. Plo&Cica, J. Tima, and F. Wehrung (1998)
and J. Tdma and F. Wehrung (2001).

Theorem 9

For every lattice L with permutable congru-
ences, Conc L satisfies WURP.

For every non-distributive variety V of lattices,
ConcFy(wp) does not satisfy WURP.

For example, every direct limit of finite atomis-
tic lattices, or every sectionally complemented
lattice, or every relatively complemented lat-
tice, has permutable congruences.

Furthermore, the size N5 is optimal in the result

above.
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Many results on congruence classes of finitely
generated varieties are due to M. PlosCica. For
n > 3, denote by MY! the variety of bounded
lattices generated by the lattice M,, (consisting
of 0, 1, and n atoms).

Theorem 10 For every K € Mg’l of cardinal-
ity N1, there exists L € Ma" such that
Con K = Con L. The analogue for X» fails.

For a class U of lattices, denote by ConcU
the class of all semilattices isomorphic to some
ConcS, for S € U.

Problem 2 (Critical Point Conjecture) LetU
and V be (finitely generated) lattice varieties.
If ConcU and ConcV agree on all countable
semilattices, do they agree on all semilattices
of cardinality N, 7

This conjecture holds for all known examples,
even for finitely generated varieties.
14



The following is a combination of results from
E. T. Schmidt, P. A. Grillet, E. G. Effros, D. E.
Handelman, C.-L. Shen, G. M. Bergman.

Theorem 11 Every countable (Vv,0)-semilat-
tice is isomorphic to Conc L, for some locally
finite, sectionally complemented, modular lat-
tice L.

The proof illustrates the use of category theory
on the Con¢ functor.

The following has been established by various
authors, including S. Bulman-Fleming (1978,
methods of category theory), and K. R. Good-
earl and F. Wehrung (2001, methods of uni-
versal algebra).

Lemma 12 Every distributive (V,0)-semilattice
is a direct limit of finite Boolean semilattices
and (Vv,0)-homomorphisms.
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The central idea of the proof of Lemma 12
is to establish that for every distributive (Vv,0)-
homomorphism S and every m < w, every (V, 0)-
homomorphism f: 2™ — S, there are n < w and
(V,0)-homomorphismse: 2™ — 2" and g: 2" — S
such that f = goe and kere = ker f.

To prove this, it suffices to establish that finite
systems of equations of the form

Vo=V

icl jeJ
can be “parametrized” in all distributive semi-
lattices (find “most general solutions™ ).

Example: xVz =y Vz can be parametrized in
all distributive semilattices, by
r=tVu, y=tVvVov, z=uVuvVuw.
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In order to prove Theorem 11, we express the
original semilattice S as a direct Ilimit
S = liM n<wSn, Where the Sy,-s are finite Boolean.

The S,-s are easy to lift individually. For ex-
ample, Con2" = 2". However, they need to be
lifted collectively—that is, together with the
transition maps S,, — n—41-

Definition 13 Let F be a field. A [F-lattice is
a lattice of the form

[] SubV;,

1<n
where the V;-s are nontrivial finite-dimensional
F-vector spaces. (SubV is the subspace lattice
of V.)

For a lattice L, put |§| = 1 if 6 is nonzero, O
otherwise, for all 6 € ConL. For a F-lattice
L =T1l;«pn L;, with L; simple, we have ConL =
2", via the map

<n

17



Now a one-dimensional amalgamation result.

Lemma 14 Let ¥ be a field, let K be a F-
lattice, let n < w, and let f: Con K — 2" be
a (v,0)-homomorphism. Then f can be lifted,
that is, there are a F-lattice L, a O-lattice ho-
momorphism f.: K — L, and an isomorphism
e.: ConL — 2" such that f =coCon f.

Given: Obtained:
L Con L
Con K ——~2n f Con f ¥
K Con K—52"
I

18



To prove Lemma 14, we start with the case
where n = 1. Write K = Hi<m K;, with K, =
SubV;. So f is given by the rule

F(I6) = Ve
<m el
for some I C m.

Put V. = ®,.,,V; and L = SubV. Define
f: K — L:
f((Xili<m)) =@ X; (all X;€SubVj).
il
Since L is simple, we takee: ConL — 2, 60— |6)].
Then f =c0Conf.

19



To finish the proof of Lemma 14: apply the
previous slide to the n components f,: Con K — 2
of f. Get simple [F-lattices L;, O-lattice ho-
momorphisms f;: K — L;, and isomorphisms
;- ConL; — 2, 60— |6].

Li Con Li
Con K -2 i con f; &
fi
K Con K =2

Ii
Put L = [Li<n Li flx) = (fz(x) |7Z<n>, and
e(Ilicn 0:) = (16| | i < n).

L Con L
Con KTZ” f Conf \
K Con K—px2"

f
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Now finishing the proof of Theorem 11! Start
with a countable distributive (Vv,0)-semilattice S.
By Lemma 12, S = lim n<wSn, with the Sp-s fi-
nite Boolean, transition maps e,: S, — nd1-
and limiting maps f,,: S, — S.

Pick any [F-lattice Lg with an isomorphism
eg: ConLpyg — Sp. Apply Lemma 14 to
fooeo: ConLg — S1. We obtain a F-lattice L1,
a O-lattice homomorphism fo: Lo — L1, and
an isomorphism ¢7: ConL;y — S1 such that
g1 0Con fg = fpoep. Proceed with L, instead
of Lg. We obtain a commutative diagram:

Con Lg Conjfo. con L1Con J1
EQD €1
S S
0 Jo ! J1
Then L = limnp<wln (with transition maps

fni Ln — Lyy1) satisfies ConcL = S.
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Important information used in the process:

The (L — ConcL, f — Concf) functor pre-
serves direct limits.

Additional information on the solution lattice L:

It is a (V,A,0)-direct limit of F-lattices. In
particular, it is sectionally complemented (i.e.,
(Va < b)(Jx)(a ® x = b)) and modular.

In addition, ifF is finite, then L is locally finite.
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This has been extended to distributive O-lattices
by P. ROZiCka in 2000.

Theorem 15 Let ¥ be a field. Then every
distributive lattice with zero is isomorphic to
Conc L, for some direct limit L of [F-lattices.

Unlike the proof of Pudlak's Theorem (Theo-
rem 6), ROZiCka's construction is not functo-
rial.

Corollary 16 Every distributive lattice with zero
is isomorphic to Conc L, for some locally finite,
sectionally complemented, modular lattice L.

23



This leads to the following question:
Question: is every distributive (v, 0)-semilat-
tice isomorphic to Conc L, for some locally fi-

nite modular lattice L7

(Sectionally complemented lattices are ruled
out, by Theorem 8.)

Answer. NO, with a counterexample of size N5
due to P. ROZiCka (2000).

Size brought down to RNy by F. Wehrung in
2002.
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Description of the latter counterexample:

Let B denote the Boolean algebra generated by
all intervals of wq. Let J (resp., F) consist of
all bounded (resp., unbounded) members of B.
Put

D = {x C wq | either z is finite or x = w1 }.
‘The counterexample is
Swr = ({2} x N U((D\{2}) x F).
So, elements of Sy, are of one of the two forms

(@, bounded),
(# @, unbounded).

25



How does this counterexample work?

Any lattice L satisfies Conc L = Dim L/x, where
Dim L is the dimension monoid of L and

r=<y< (In)(x < ny and y < nx).

In case L is locally finite and modular, Dim L
IS the positive cone of a dimension group.

And for any dimension group G, the maximal
semilattice quotient S = G7T/x satisfies the
following infinitary statement, another *“uni-
form refinement property”, not satisfied by S, .

For all e € S and all subsets A and B of S
such that A is uncountable, B is Np-downward
directed, and

a<e<aVbdforall {(a,b) € A X B,

there exists a € Al"2] such that e < a Vb for all
b B.

Here, Al72] denotes the set of finite joins of
elements x < u,v, with u # v in A.

26



(i)

(ii)

How to represent semilattices of size N7

The main tool, due to H. Dobbertin and A. P.
Huhn, is the notion of “ladder” (first called
“frame” ).

Definition 17 Let m € w\ {0}. A m-ladder is
a lattice F' with zero with the following prop-
erties:

[0,a] is finite, for all a € F.

Every element of ' has at most m immediate
predecessors.

Example. The 1-ladders are exactly the initial
segments of w. They are all (at most) count-
able.

27



Kuratowski's free set Lemma dates back to
1951. It is instrumental in the proofs of T he-
orems 8 and 9.

Lemma 18 Let n € w\ {0}, let | X| > N, and
let f: [X]" — [X]<¥. There exists U € [X]*T1
such that u ¢ f(U\ {z}) for all x € U.

And conversely.
Taking f(Y) =VY, we obtain the following.

Corollary 19 Let m € w\ {0}. Every m-ladder
has cardinality at most N,,,_1.

It is easy to construct a 2-ladder of cardinal-
ity Nl-

Romantic open problem (S. Z. Ditor, 1984).
Does there exist a 3-ladder of cardinality N57

28



Say that a (v, 0)-semilattice S satisfies 2-CLP
(2-dimensional amalgamation property), if for
all lattices Kq, K7, Ko, all lattice homomor-
phisms f;: Ko — K; and all (v,0)-homomor-
phisms g,: ConcK; — S (¢ € {1,2}) such that
gioConc f1 = gooConc fo, there are a lattice L,
lattice homomorphisms g,: K; — L, and an iso-
morphism e: ConcL — S such that g1 o0 f1 =
g2 0 fo and eo Concg; = g; for all i € {1,2}.

Conc L
/// i€ \\\
I Concgl/ é« . .Conc go
/4 \\ K /" .
g]_// \\92 // \\
// \\ // gl 92 \\
K4 K- Conc K1 Cf)nc K-
A /fl CO& A: fo
KO Conc KO
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And 3-CLP?

Formulated with truncated cubes instead of
truncated squares.

~
|
¥
e ~
L / S { AN
) / =
~ s T ! ~
N e N
A r AN

A
KO,l KO,Q Kl’g COI’chO,l COI’ICKO’Q COI’IcKl,Q

PPN [

1 > ConcKg ConcK;j Conc Ko
N ~. 1

1%} Conc Ky

Answer: only the one-element semilattice has
3-CLP.
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The following is due to J. Tdma (1998) and G.
Gratzer, H. Lakser, and F. Wehrung (2000).

Theorem 20 Every finite distributive (Vv,0)-semi-
lattice has the 2-CLP. This also works for finite
lattices.

By using this, one can extend the proof of
the representation for |S| < Ny to the case
where |S| < N;. Instead of using the index
set w and 1-dimensional amalgamation, we use
a 2-ladder of cardinality 87 and 2-dimensional
amalgamation. We obtain the following, first
proved by A.P. Huhn in 1989 without restric-
tion on the lattice.

Corollary 21 Every distributive (V,0)-semilat-
tice of cardinality < Ny is isomorphic to Conc L,
for some locally finite, relatively complemented
lattice L with zero, bounded if S is bounded.

By previous results, one cannot strengthen “lo-
cally finite” to “locally finite and modular”.
31



However, there is an analogue of Theorem 20
for von Neumann regular rings (the hard part
of the work was done by P. M. Cohn in 1959).
By using again a 2-ladder and 2-dimensional
amalgamation, we obtain the following.

Theorem 22 Every distributive (v, 0)-semilat-
tice of cardinality < N4 isisomorphic to Conc L,
for some relatively complemented modular lat-
tice L with zero, bounded if S is bounded.

The L constructed there is not locally finite.
It has the form

L(R) = {zR |z € R),

for some von Neumann regular ring R.
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Now let’s move bevond distributive lattices
and cardinality < Ny ...
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Definition 23 A partial prelattice is a struc-
ture (P, <,V,\) such that

(i) < is a quasi-ordering on P.

(ii) Both\ and )\ are partial functions from [P]3% =
[P]<«\ {@&} to P.

(iii) a = VX (resp., a = AX) implies that a is
“the” least upper bound (resp., greatest lower
bound) of X with respect to <.

We say that P is a partial lattice, if < is an-
tisymmetric. A congruence of P is a quasi-
ordering < on P containing P such that (P, =<,\/, \)
is a partial prelattice.

For a, b € P, we denote by ©71(a,b) the least
congruence 0 of P such that a <y b. In lattices,
©1(a,b) = O(aAb,a) = O(b,aVb).
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It is easy to define a functor P — ConcP,
f — Con¢ f from partial lattices to (v, 0)-semi-
lattices. The elements of Conc P are finite
joins of the form

\/ ©%(a;,b;), with all a;, b; € P.
<n
Note that Conc P may not be distributive.

Proposition 24 The Conc functor on partial
lattices preserves direct limits.

Now what are we trying to do?
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Typical problem. Try to lift a given (Vv,0)-ho-
momorphism f: ConcP — S. That is, find a
lattice L, a homomorphism f: P — L of partial
lattices, and an isomorphism . ConcL — S
such that eoConc f = f.

Given: Obtained:
L Concg L
Cong PT—S f Conc f| ¢
P Conc P-4 S

f

Definition 25 We say that a (Vv,0)-semilat-
tice S has 1-CLP, if this can always be done
whenever P is a (total) lattice.
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The proofs proceed by enlarging P step by step
“to make f an isomorphism”, occasionally re-
placing P by the free lattice Fy,(P) over P.

Replacing P by Fy(P). The canonical map
jp: P — Fg,(P) has the CEP. If S is an injective
(V,0)-semilattice, then there exists
g. ConcFg(P) — S such that go Concjp = f.

Conc PLS
Concjp g
Conc FL(P)

37



Adding a relative complement. We are given
a<b<cin P, we find an extension of P with
a relative complement of b in [a,c] that does
not destroy the congruence lattice of P.

C

a

We do this freely, that is, put @ = P U {z},
where zx is free such that bvz = cand bAx = a.
Let epg: Conc P — ConcQ denote the canon-
ical map.

Again, if S is an injective semilattice, then
there exists g: Conc @ — S such that goepg = f.

COI’IC PLS

%

Conc Q

€PQ
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Making two elements perspective.

We are given elements a < u,v < b in P such
that

f@p(a,u) — f@p(a,v); f@p(u,b) — fep(?},b).

We put Q = P U {z}, where z freely adjoined
such that

rVu=xVv=>b, xNu=zxzAv=a.

b

a
In particular, this forces the relations

Opla,u) = Opla,v); ©Op(u,b) = Og(v,b).

Although epQ is no longer one-to-one, one can
still find g, provided S is injective.
39



Identifying two congruences.

We are given elements u,v € [a,b] in P such
that

f@P(CL,U) — f@P(CL,’U).
By using E. T. Schmidt’'s M3[D] construction,
we find an extension @ with elements u;, v;
such that u = ug ® u1, v = vg ® vy (within
[a,b]), and
FOpla,u;)) = fOp(a,v;);  [fOp(u;b) = fOp(v;,b),

for all : < 2. Then apply the step above to ugp,
vo, then to uq, v1. Get an extension @ where

Op(a,u) = Ogl(a,v),

“free enough” for f to be factored through
Conc@. (This also needs S to be injective.)
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Adding one element in the image. We are
given a € S\ {0}. Pick o € P, put Q = PU{x},
with x freely adjoined such that o < . Extend
f so that g(©g(o,x)) = a.

This way, the new element a € S is forced into
the image of f.
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Injectivity (wrt. cofinal embeddings) of S is
equivalent to

(i) S is distributive;

(ii) every bounded subset of S has a supre-
mum;

(iii) aVAX = A(aV X), forae S and X C S
nonempty and downward directed.

42



If (i)—(iii) above are satisfied, we say that S is
conditionally co-Brouwerian, abbreviated CCB,
and then we can iterate all the previously de-
scribed steps transfinitely many times.

Theorem 26 (F. Wehrung, 2002) For every
CCB semilattice S and every partial lattice P,
every (V,0)-homomorphism f: Conc P — S can
be lifted. Furthermore, S has 2-CLP.

By using 2-ladders, we obtain the following.
Corollary 27 Every direct limit of at most N4
CCB semilattices is isomorphic to Conc L, for

some relatively complemented lattice L with
zero.
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And 1-CLP~?

There are countable counterexamples where
f: Conc P — S cannot be lifted, for example
for S = Qt. However, for S a lattice, some-
thing special happens.

The proof of Theorem 26 outlined above con-
structs a stepwise enlargement of the partial
lattice P we are starting from. If we start with
a lattice P, the next step (e.g., Q = P U {z})
IS, in general, a partial lattice.

However, the partial lattices P and the maps
f: Conc P — S obtained in the process are
quite special. View f as a S9-valued structure
on P, via

lo <yl = fOT (2,9).
Then, for example, ||z < y|[Ally < z|| < ||z < 2.

44



We say that f is balanced, if ||6]| = 1, when-
ever 0 is a sentence “expressing that joins and
meets of ideals of P need only finitely many
steps to be computed”.

In the inductive construction above, all the
steps are balanced. The successive extensions
of f can be calculated by explicit formulas, in-
volving Boolean values.

We obtain the following.

Theorem 28 (F. Wehrung, 2003) Every dis-
tributive lattice with zero has 1-CLP. In fact,
it has “2-CLP for the bottom a finite lattice”.

As a consequence of the methods, we obtain
the following.

Corollary 29 Every lattice L such that Conc L
is a lattice admits a relatively complemented,
congruence-preserving extension.

This was first proved for Conc L finite by Q.
Gratzer and E. T. Schmidt in 1999.
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The converse of Theorem 28 also holds (J.
T0Oma and F. Wehrung, 2002).

Theorem 30 Every distributive (V, 0)-semilat-
tice with 1-CLP is a lattice.

Hence, a distributive (v, 0)-semilattice satisfies
1-CLP iff S is a lattice.
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The smallest known counterexample of non-
liftable map f: Conc K — S satisfies |S| = Ng
and |K| = Nj.

Problem 3 Let K be a countable lattice, let S
be a countable (v,0)-semilattice. Can every
(V,0)-homomorphism f: Conc K — S be lifted?

Given: Wanted:
L
Conc K——8
C f f

a7



About representing semilattices (not maps),
this yields the following modest improvement
of Schmidt's representability result of distribu-
tive lattices with zero.

Corollary 31 Every direct limit S = lim n<w Dn,
where the D, -s are distributive lattices and the
transition maps are (V,0)-homomorphisms, is
isomorphic to Con¢c L, for some relatively com-
plemented lattice L with zero.

In particular, every countable directed union
S = Un<w Dn, the Dp-s distributive lattices, is
isomorphic to Conc L, for some relatively com-
plemented lattice L with zero.

Problem 4 How about directed unions of the
form Un<wy Da, Where the Dq-s are distributive
O-lattices?

All known *“uniform refinement properties” are
not enough to solve this.
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All this leads us to the following disappointing
observation.

The URP barrier.

Proposition 32 All existing representability re-
sults yield lattices L for which Conc L satisfies
WURP.

For example, no “representability theorem” is
sufficient to vyield the already represented
COI’ICFL(MQ)!

This suggests the idea to start with lattices
with complicated congruence lattices—for ex-
ample, free lattices, then try to enlarge them
to obtain tailor-made congruence lattices.
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The key gadgets for such constructions are
ideal /filter gluing plus the following.

The M3(L) construction (G. Grdtzer and F.
Wehrung, 1999).

For a lattice L, let M3(L) consist of all ele-
ments of L3 of the form

(yANz,x ANz,x Ny), for =, y, z € L.

It is a closure system in L3, thus a lattice.

Theorem 33 Thelattice M3(L) is a congruence-
preserving extension of L, via the map z — (x, x, x).
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Using this, G. Gratzer and E. T. Schmidt proved
in 2001 the following.

Theorem 34 Every lattice admits a regular
congruence-preserving extension.

A lattice L is regular, if any two congruences
of L that share a congruence class are equal.
In particular, every compact congruence of L
is principal. Therefore,

If CLP can be solved positively, then
it can be solved positively with lattices
in which every compact congruence is
principal.
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Other uses of gluing and the M3(L) construc-
tion vield the following.

The Strong Independence Theorem for con-
gruence lattices and automorphism groups

of lattices (G. Gratzer and F. Wehrung, 2000).

For every nontrivial lattice L and every lat-

tice Lp, there exists a lattice L, which is a

congruence-preserving extension of Lc and an

automorphism-preserving extension of L.

The construction uses a generalization of the
Ms(L) construction, called box product of lat-
tices. Furthermore, it may vield

|L| > max{|Lal,|Lcl|,No}

But here, the congruence lattice does not move
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Second magic wand Theorem (G. Gratzer,
M. Greenberg, and E. T. Schmidt, 2002)Let
K be a bounded lattice, let [a,b] and [c,d] be
intervals of K, and let o be a homomorphism of
[a,b] onto [c,d]. There exists a bounded convex
extension L of K such that a congruence of K
has an extension to L iff x =y (mod 6) implies
that p(x) = (y) (mod 0), fora<z <y <b, in
which case, 0 has a unique extension to L.

So, here, ConL is isomorphic to Con¥? K, the
lattice of all p-preserving congruences of K. In
particular, ConcL is the image of Conc K un-
der a distributive homomorphism (i.e., a homo-
morphism whose kernel is the union of kernels
of algebraic closure operators).

In particular, if Conc K has WURP, then so
does Conc L.
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Thus the following is of importance.

Problem 5 Let K be a lattice, let S be a dis-
tributive (Vv,0)-semilattice. Can every surjec-
tive, distributive homomorphism f. Conc K —» S
be lifted?

A precursor to this problem is Schmidt’'s Lemma
(1968), that states that any distributive im-
age of a generalized Boolean lattice is repre-
sentable.
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Can CLP be solved with a magical for-
mula?

P. Pudlak found such a magical formula to rep-
resent distributive lattices with zero. For semi-
lattices, a natural question is to ask whether
there exists a functor W from distributive (v, 0)-
semilattices to lattices (“Conc—1") such that
ConcoW is naturally equivalent to the identity.

Proposition 35 There is no such functor.
(see J. Tima and F. Wehrung, 2001).

This is easy to prove. If there would be such
a functor W, try to lift the map eqy: 2¢ — 2,
x +— 1 if x = 0, 0 otherwise (a an ordinal).
It separates 0, thus W(e,): V(2% — W(2) is
a lattice embedding. But W(2%) is arbitrarily
large.
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However, e, is not a semilattice embedding ...
And for semilattice embeddings?

Nobody knows (whether there is a “Conc—1”
functor, on distributive (v, 0)-semilattices and
their embeddings)!!!

Even worse, the counterexamples not repre-

sentable with permutable congruences are dis-
tributive semilattices of a very particular sort.
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Definition 36 A (Vv,0)-semilattice S is ultra-
boolean, if § = lim;-;S;, where all the S;-s
are finite Boolean and all transition maps are
(V,0)-embeddings.

Equivalently, every finite subset of S is con-
tained in some finite Boolean (v, 0)-subsemi-

lattice of S.

Every ultraboolean semilattice is distributive.
However, 3 is not ultraboolean.

Problem 6 Is there any “Conc— 1" functor on
the category of ultraboolean semilattices?
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In order to reduce the problem from arbitrary
distributive semilattices to ultraboolean ones,
we may ask the following.

Problem 7 Is every distributive (Vv,0)-semilat-
tice the image of an ultraboolean semilattice
under some distributive homomorphism?

Problem 7 has a positive answer in the count-
able case, by using a closure operator. AIlso
for semilattices of size Ny we get a positive
answer, because of A. P. Huhn's results.

Problem 8 Is every distributive (v, 0)-semilat-
tice a retract of some ultraboolean semilat-
tice? Can this be made functorial?
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