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Abstract

We prove a sharper so-called Mordell-Lang plus Bogomolov type result

for curves lying in the two-dimensional linear torus. We mainly follow the

approach of G. Rémond in [15], using Vojta and Mumford type inequal-

ities. In the special case we consider, we improve Rémond’s main result

using a better Bogomolov property and an elementary arithmetic Bézout

theorem.
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1 Introduction

Let X be a subvariety1 of a torus2 Gg
m embedded in some projective space.

The former Bogomolov’s conjecture states that there exists an ε > 0 such that,

provided that X is not a torsion subvariety, the set X(ε) of points in X(Q) with

height at most ε is not Zariski dense in X .

S. Zhang established the existence of such an ε in [17, Theorem 6.2], with

possible dependence on the height of X (see [18, Theorem 1.10]). Be that as

it may the infimum of the set of ε verifying this property has to depend on

arithmetic properties of X , as we can see in the example of a torus coset (i.e., a

translate α ·H of an algebraic subgroup H of Gg
m). However, if X is not a torus

coset, one can find such an ε depending only on geometric invariants. Indeed,

E. Bombieri and U. Zannier obtained in [4] a lower bound depending only on

the ambient dimension g of the torus and on the degree of X (more precisely

on an upper bound depending on the degree of a set of polynomial equations

defining X). Bombieri and Zannier did not give an explicit expression for their

bound. Later, by another approach, W. M. Schmidt [16, Theorem 4] obtained

a completely explicit lower bound which is pluri-exponential in all parameters.

1That is, a Zariski closed subset defined over a number field and geometrically irreducible.
2Most of the results mentioned in our historical overview have been generalized to the more

general case of semi-abelian varieties.
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In this paper, we shall use the embedding ϕ : Gg
m →֒ P2g−1 defined as the

composition

Gg
m →֒ (P1)g ֒

Segre
−−−→ P2g−1.

Furthermore, for a subvariety X of Gg
m, we define deg X to be the degree of

the Zariski closure of ϕ(X) in P2g−1. By the height |x| of a point x ∈ Gg
m(Q),

we shall mean the logarithmic Weil height of its image under ϕ in P2g−1 (see

Section 2 for more details).

More precisely S. David and P. Philippon proved that for ε ≈ (deg X)−3·7dim X

,

the set X(ε) is contained in a union of finitely many proper torus cosets con-

tained in X (see [6, 7]). Moreover they estimated from above the sum of the

degrees of the torus cosets by a quantity which is of the order of ε−1. More

recently F. Amoroso and S. David gave in [2] a sharper version where ε is

approximately equal to (deg X)−1—in fact something essentially optimal—but

without an effective estimate for the number of torus cosets.

The former Mordell-Lang’s conjecture in the case of tori states that for any

subgroup Γ of Gg
m(Q) of finite rank, the intersection Γ∩X(Q) is contained in a

union of finitely many proper torus cosets. This has been proved by M. Laurent

(see [10]).

One can in fact give a more general statement, of the form “Mordell-Lang

plus Bogomolov” (using the terminology of B. Poonen), by taking a thickening

Γε of Γ:

Γε :=
{

xy : x ∈ Γ, y ∈ Gg
m(Q), |y| ≤ ε

}

.

This corresponds to the set of points which are “close” to Γ with respect to the

height. G. Rémond proved in [15] the following result:

Theorem A. Let X be a subvariety of Gg
m and Γ a subgroup of Gg

m(Q) of finite

rank r. There exist torus cosets B1, . . . , BS ⊆ X such that for all ε ≤ ε0

X(Q) ∩ Γε ⊆ B1 ∪ · · · ∪ BS ,

where ε0 = (deg X)−g2m3m

, S = (deg X)(r+1)g2m3m2

and m = dim X + 1.

Note that if Γ is the trivial group, Theorem A corresponds to the problem

of Bogomolov, and if ε = 0 to the conjecture of Mordell-Lang. This has first

been proved in a non-effective way by B. Poonen in [13], and afterwards by

J.-H. Evertse (see [8]) but with pluri-exponential and polynomial values for ε−1
0

and S.

Specializing the proof of G. Rémond to curves, one can obtain that for any

curve which is not a torus coset

CardX(Q) ∩ Γε0 ≤
(

228g+325(deg X)40
)r+1

,

where ε−1
0 = 27g+183(deg X)28/3. In that case he proved in fact a more general

result. First, define the notion of truncated cone around Γ by putting

C(Γ, ε) :=
{

xy : x ∈ Γ, y ∈ G2
m(Q), |y| ≤ ε(1 + |x|)

}

.
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In the sequel we use the projective height h(X) (which depends on the considered

embedding ϕ) of X and the height h1(f) of a polynomial f , those are defined in

Section 2. As we will see, in the case where X is a curve of G2
m and f(x, y) = 0

an equation of X , these two quantities are comparable.

Theorem B (Rémond [15, Théorème 1.2]). Let X be a curve of Gg
m which is

not a torus coset and Γ a subgroup of Gg
m(Q) of finite rank r. Then we have

CardX(Q) ∩ C(Γ, ε1) ≤
(

212g+229(deg X)33 max{1, h(X)}
)r+1

,

where ε−1
1 = 212g+229(deg X)33 max{1, h(X)}.

Our first result is stated as follows (with the same embedding):

Theorem 1.1. Let X be a curve of G2
m and Γ a subgroup of G2

m(Q) of finite

rank r. Assume that X is not a torus coset, then we have

CardX(Q) ∩ Γε0 ≤ 252r+51(deg X)3r+3(log deg X)5r+6 ,

where ε−1
0 := 257(deg X)(log deg X)5.

Assume f(x, y) = 0 is an equation of X . Since deg X = degϕ(X) is the sum

of the partial degrees of f (see remark preceding Section 3) and since X is not a

torus coset, we have deg X ≥ 2. Note that we improve here not only the bound

for the number of points, but also the quantity ε0. Moreover this quantity is

essentially optimal, since one cannot expect, even when Γ is trivial, something

greater than or equal to c · (deg X)−1 for some positive constant c > 0.

In order to count in X(Q) ∩ Γε0 the number of points with not too large

height, we use a refined Bogomolov property ([12, Proposition 5.1]) for certain

translates V of X , that is, an upper bound for the number of points with small

height in V lying outside every non-trivial torus coset contained in V . This

gives the main improvement in Theorem 1.1. To prove our refined Bogomolov

property in [12], we first contruct via a Siegel lemma a polynomial vanishing on

V (2−10ε0) (the set of points of V with height lower or equal than 2−10ε0). Using

our control over the degree of this auxiliary polynomial and the fact that V is a

hypersurface, we obtain via a zero lemma a divisor of V containing V (2−10ε0).

Then the geometric Bézout theorem gives an upper bound for the degree of this

divisor, thus an upper bound for the number of points with small height when

V is a curve (in other words when X is a curve). This explains why the result

is only available for a curve lying in G2
m.

Using the same argument as in the proof of Theorem B, we obtain the

following result:

Theorem 1.2. Let X be a curve of G2
m and Γ a subgroup of G2

m(Q) of finite

rank r. Assume that X is not a torus coset, then we have

CardX(Q)∩C(Γ, ε1) ≤ 252r+51(deg X)2r+2(log deg X)5r+6 max{(deg X)2, h1(f)r} ,

where ε−1
1 := 251(deg X)2(log deg X)5 max{1, h1(f)} and f(x, y) = 0 is an equa-

tion of X.
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We remark that, as in Theorem B, the bounds depend on the height of X

(more precisely here on the height of f). The reason is that the set C(Γ, ε1) is

not invariant by translation by a point of Γ, contrary to Γε1 .

Our Bogomolov property (Proposition 3.3) states that if a curve X is not a

torus coset, then there are at most q2 points in X(Q) of height lower than q−1
1 ,

for some quantities q1, q2 depending on the degree of X . With such a result one

can obtain, via an argument of Schmidt (see [16, Theorem 5]) slightly modified,

the following bound. Under the assumptions of Theorem 1.1, given C ≥ 1 and

0 ≤ ε ≤ 1
4q−1

1 , there are at most

q2 · (4C · q1 + 1)r (1)

points in Γε∩X with height smaller than C. In the final counting of Theorem 1.1,

the main term comes from (1), choosing C ≈ (deg X)2. In order to count the

points of “large” height, we use a classical Vojta type inequality and a Mumford

type gap principle.

Our paper follows mainly [15]. We first recall some definitions and facts

about heights in Section 2. In Section 3, we give an elementary arithmetic

Bézout theorem an recall the Bogomolov property of [12].

In Section 4, we recall G. Rémond’s version of Vojta’s inequality in the case

of curves and give an optimized version of Mumford inequality. Finally, we

prove the main theorems by a counting of the small and the large points.

Acknowledgment—The research leading to this paper started during a

stay at the University of Leiden from January to April 2007, which was finan-

cially supported by the DIAMANT-cluster.

I am grateful to Jan-Hendrik Evertse for interesting and useful discussions

during this period and it is a pleasure here to thank him.

2 Heights

We will use several notions of height. Given a number field k we write Mk for

the set of its places. For v ∈ Mk, we write | · |v for the absolute value having

|p|v = p−1 if v lies above a prime number p, and requiring that the restriction of

| · |v to Q is the ordinary absolute value. We further denote by kv the completion

of k at v.

Let a be a point of Pn(k). We denote by h1, h2 and h∞ the quantity

∑

v∈Mk

[kv : Qv]

[k : Q]
log ‖a‖v

where ‖a‖v is respectively the 1-norm, the 2 (euclidean) norm and the infinite

(sup) norm associated to the absolute value | · |v if v is archimedean:

|a0|v + · · · + |an|v,
(

|a0|
2
v + · · · + |an|

2
v

)1/2
, max{|a0|v, . . . , |an|v} ,
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and the infinite norm if v is non-archimedean. In particular h∞(a) is the loga-

rithmic Weil height of a. Note that we have the following inequalities

h2(a) −
1

2
log(n + 1) ≤ h∞(a) ≤ h2(a) ≤ h1(a). (2)

Furthermore, if B is a finite subset of Q (like the set of coefficients of a polyno-

mial), we will denote by h1(B), h2(B) and h∞(B) the height of the projective

point defined by B.

For any x = (x1, x2) ∈ G2
m(Q), as in [15], we define |x| as the quantity

|x| := h∞(1 : x1 : x2 : x1x2) = h∞(1 : x1) + h∞(1 : x2).

In particular we have, for all λ ∈ Q and all x,y ∈ G2
m(Q),

|xy| ≤ |x| + |y| and |xλ| = |λ||x|.

Here xλ is defined up to multiplication with a torsion point but for the value of

|xλ| this does not matter. We extend this height | · | to a norm on the R-vector

space G2
m(Q) ⊗Z R (the argument that | · | is a norm is due to Cassels, see [3]

p. 137 for details). Addition and scalar multiplication on this vector space will

be denoted respectively multiplicatively and exponentially, to be consistent with

the operations on G2
m(Q). The “angle” between x and y is defined by:

(̂x,y) := |y
1

|y| · x
−1
|x| |.

The projective height h(Z) of a subvariety Z of G2
m is defined by means of a

Chow form of the Zariski closure of ϕ(Z) in P3 (see [11]). Let us now consider

the case of a hypersurface Z (a curve here) defined by some equation g(x, y) = 0.

We recall that, by definition, the Mahler measure of g is the quantity

M(g) := exp

(∫ 1

0

∫ 1

0

log |g(e2iπu, e2iπv)| du dv

)

.

The Gauss-Mahler height hGM (g) of g (notation of [6]) is

hGM (g) :=
∑

v∈Mk

[kv : Qv]

[k : Q]
log Mv(g) (3)

where Mv(g) is the Mahler measure of σ(g) if v is the archimedean place asso-

ciated to σ and the Gauss norm (i.e. maximum norm) of g if v is finite. We

have the following inequalities:

|h(Z) − 2h1(g)| ≤ 9(log 2) · deg Z

hGM (g) ≤ h1(g) ≤ hGM (g) + (log 2) · deg Z.
(4)

Indeed, on the one hand we know (see [6, Proposition 2.1 (v) and (vii)]) that

|2hGM (g) − h(Z)| ≤ 7(log 2) · deg Z.

On the other hand, at infinite places, we know that the Mahler measure is

smaller than the 1-norm and ‖g‖1 ≤ 2dx,g+dy,gM(g) (see for instance [9, Lemma B.7.3.2]).

Thus, using the equality deg Z = degϕ Z = dx,g + dy,g, the sum of the partial

degrees of g (see [14, p. 103]), we obtain (4).
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3 Auxiliary results

We will need an arithmetic Bézout result, like [11, Théorème 3], for curves. But

in this case one can give a slightly more precise statement with an elementary

proof.

Lemma 3.1. [arithmetic Bézout for curves] Let k be a number field and

let f, g ∈ k[x, y] be coprime polynomials. For any common zero x0 = (x0, y0) of

f and g one has

|x0| ≤ degs(g) · hGM (f) + degs(f) · h1(g) ,

where degs is the sum of the partial degrees.

Proof. By hypothesis the resultant R := Resy(f, g) is non zero. Now since x0 is

a root of R, its height is bounded above by hGM (R) (see (3)):

h∞(1, x0) ≤ hGM (R). (5)

Denoting by dx,f , dy,f , dx,g, dy,g the partial degrees of f and g with respect to

the variables x and y, we can write f and g as

f(x, y) =

dy,f
∑

i=0

ai(x)yi and g(x, y) =

dy,g
∑

i=0

bi(x)yi.

Then we have

R(x) = det























a0(x) . . . ady,f
(x)

. . .
. . .

a0(x) . . . ady,f
(x)

b0(x) . . . bdy,g
(x)

. . .
. . .

b0(x) . . . bdy,g
(x)























Let v be a finite place of k. We know from [1, Lemme 4.1.7, Corollaire 4.1.12]

the following inequality:

Mv(R) ≤ sup
t∈Cv,|t|v=1

|R(t)|v. (6)

So let t ∈ Cv of absolute value 1. Expanding the determinant over all permuta-

tions we obtain, by (6) and the ultrametric inequality,

Mv(R) ≤ ‖f‖dy,g
v · ‖g‖

dy,f
v , (7)

where ‖ · ‖v is the Gauss norm.
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Let us now consider archimedean places. Let t ∈ C of absolute value 1. We

have:

|Res(f(t, y), g(t, y))| = |R(t)| = |ady,f
(t)|dy,g ·

∏

a∈C

f(t,a)=0

|g(t, a)|

≤ |ady,f
(t)|dy,g ·

∏

a∈C

f(t,a)=0

‖g‖1 · max{1, |a|}dy,g

≤ M (f(t, y))
dy,g · ‖g‖

dy,f

1 .

The integral over the unit circle of the logarithm gives:

log M(R) ≤ dy,g log M(f) + dy,f log ‖g‖1. (8)

Now summing (7) and (8) over all places of k and using (5), we obtain

h∞(1, x0) ≤ dy,g · hGM (f) + dy,f · h1(g).

Similarly we have

h∞(1, y0) ≤ dx,g · hGM (f) + dx,f · h1(g).

Then the inequality of the lemma follows.

Corollary 3.2. Let X be a curve of G2
m and α ∈ G2

m(Q) which does not belong

to the stabilizer3 of X. Then for every x in X ∩ α
−1 · X we have:

|x| ≤ 2h1(f)(deg X) + |α|(deg X)2.

Proof. Assume X is defined by some equation f(x, y) = 0 where f(x, y) :=
∑

i≤dx,f ,j≤dy,f
ai,jx

iyj . Let (α, β) := α and g(x, y) := f(α · x, β · y). Then

g(x, y) = 0 is an equation of α
−1 · X . Note that f and g are coprime since α

does not belong to the stabilizer of X . Moreover we have dx,f +dy,f = degs(f) =

deg X and similarly for g. Hence from Lemma 3.1 and (4) we get

|xi| ≤ deg X · (hGM (f) + h1(g))

≤ deg X ·
(

2h1(f) + dx,fh∞(1, α) + dy,fh∞(1, β)
)

≤ deg X ·
(

2h1(f) + deg X |α|
)

.

Instead of the Bogomolov type inequality from [7], we use the following one

from [12] (see Proposition 5.1), giving a better upper bound for the number of

“small” points in a curve:

3That is, the set {x ∈ G2
m(Q) : x · X = X}.
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Proposition 3.3. Let Z be a curve of G2
m. If Z is not a torus coset then

Card
{

z ∈ Z(Q) : |z| ≤ q−1
1

}

≤ q2

where q1 := 247(deg Z)(log deg Z)5 and q2 := 250(deg Z)2(log deg Z)6.

Remark: In [12, Proposition 5.1] we used instead of q1 and q2 the following

quantities:

q̃1 := 1011ω(log ω′)5 and q̃2 := 2 · 1011ω2(log ω′)6

where ω := degι(Z) is the degree of the Zariski closure of the image of Z by

ι : G2
m →֒ P2, (x, y) 7→ (1 : x : y) and where ω′ := max{16, degι(Z)}. But we

have degι(Z) ≤ (deg Z) ≤ 2 degι(Z) and h∞(ι(z)) ≤ |z| ≤ 2h∞(ι(z)). Moreover

since deg Z ≥ 2 we also have 4 log deg Z ≥ log ω′. Thus the proposition is valid.

Suppose Z is given by the equation g(x, y) = 0. Then one has

2hGM (g) ≥ q−1
1 · deg Z. (9)

This is a consequence of a theorem of S. Zhang. Indeed, for any real number

θ and any variety V , let us denote V (θ) the subset of points α in V such that

|α| ≤ θ. The essential minimum of V is defined as follow

µ̂ess(V ) := inf
{

θ > 0 | V (θ)
Zar

= V
}

,

where V (θ)
Zar

is the Zariski closure of V (θ). Thus from Proposition 3.3 it follows

µ̂ess(Z) ≥ q−1. A particular case of a result of S. Zhang (see [17, theorem 5.2]

and [18, theorem 1.10]4), gives the following inequality

ĥ(V ) ≥ µ̂ess(V ) · deg V.

Moreover by [6, Proposition 2.1 (vii)] we have 2hGM (g) = ĥ(Z), so (9) is proved.

The following lemma of G. Rémond (see [15, Lemme 2.1]) generalizes an

argument of Schmidt (see [16, Theorem 5]).

Lemma 3.4. Let Γ a subgroup of G2
m(Q) of rank r and ε ≥ 0

1. Let ρ and µ be two real numbers such that ρ ≥ 0, µ > 0 and ε ≤ ρ/(2µ).

Then there exists a subset E of Γ such that CardE ≤ (4µ + 3)r and

{x ∈ Γε : |x| ≤ ρ} ⊆
⋃

y∈E

{x ∈ Γε : |xy−1| ≤ ρ/µ}.

4In [5, Corollaire 3.2], there is also a simpler proof in the case of abelian varieties, directly

adaptable to G
g
m.
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2. Let c1 and c be two positive numbers5 such that c1 ≥ 1 and ε ≤ c/(8c1).

Then there exists a partition of {x ∈ Γε : |x| ≥ c} made of at most

(1 + 8c1)
r sectors in which any two points x,y verify (̂x,y) ≤ c−1

1 .

3. If c ≥ 8 and ε ≤ (10c1)
−1 then we can replace Γε by C(Γ, ε) in the previous

statement.

4 Inequalities of Vojta and Mumford

In what follows, we consider a geometrically irreducible curve X of G2
m defined

over Q which is not a torus coset. We introduce the following quantities:



































Λ :=
(

3 · 210(deg X)5
)1/3

≤ (deg X)6 since deg X ≥ 2

c1 := 28(deg X)2

c2 := Λ6

c3 := Λ14 max{h(X), 1}

First we recall a particular case of a result of G. Rémond ([15, Théorème 3.1].

Theorem C (Vojta’s inequality). For any x1,x2 ∈ X(Q) such that

|x1| ≥ c3 and ̂(x1,x2) ≤ c−1
1

we have |x2| < c2|x1|.

Using Corollary 3.2 we get the following improved version of [15, proposi-

tion 4.2] in the case of curves in G2
m.

Proposition 4.1 (Mumford’s inequality). Let c4 := 4 deg X · h1(f) and x ∈

X(Q) such that |x| > c4. There are at most (deg X)2 points y in X(Q) such

that

(̂x,y) ≤
1

c1
and

∣

∣

∣|x| − |y|
∣

∣

∣ ≤
1

c5
|x| (10)

where c5 := 4(deg X)2.

Proof. Consider y ∈ X satisfying (10) and let α := xy−1. One has

|α| = |x| ·
∣

∣

∣y1/|x| · x−1/|x|
∣

∣

∣

= |x| ·
∣

∣

∣
y1/|y| · x−1/|x| · y1/|x|−1/|y|

∣

∣

∣

≤ |x| ·

(

∣

∣

∣y1/|y| · x−1/|x|
∣

∣

∣ +

∣

∣

∣

∣

1

|x|
−

1

|y|

∣

∣

∣

∣

· |y|

)

<
|x|

2(deg X)2
.

5In [15, Lemme 2.1] the author assume c ≥ 1, but the hypothesis c positive is sufficient.
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Thus,

2h1(f) · deg X + |α|(deg X)2 < 2h1(f) · deg X +
|x|

2
≤ |x|

From Corollary 3.2 we know that α := x−1 · y must belong to the stabilizer

of X . On the other hand the stabilizer of X is an algebraic subgroup equal to

∩z∈Xz−1 · X . Since X is not a torus coset, the dimension of this intersection

is zero. Thus, by the geometric Bézout theorem, its cardinality is at most

(deg X)2.

Remark: We have
c3

c4
≤ Λ14. (11)

Indeed, using (4) and deg X ≥ 2 we get

c3

c4
=

Λ14 · max{1, h(X)}

4(deg X) · h1(f)

≤
Λ14 · (2h1(f) + 9(log 2) deg X)

4(deg X) · h1(f)

≤
Λ14

2
+

9 log 2

4 · h1(f)
.

Now we know from (4) and (9) that

2h1(f) ≥ 2hGM (f) ≥ q−1
1 · deg X. (12)

Now since Λ =
(

3 · 210(deg X)5
)1/3

and q1 = 247(deg X)(log deg X)5 we obtain

9 log 2

4 · h1(f)
≤

1

2
Λ14.

Corollary 4.2. Let N := 220r+10 · (deg X)2r+4 · log(deg X). Then

Card
{

x ∈ X(Q) ∩ Γε0 : |x| > c4

}

≤ N

where ε0 := 2−10q−1
1 .

Proof. It follows from (12) that ε0 :=
q−1
1

210 ≤ h1(f)
29 deg X = c4

8c1
. Consequently we

can apply the second assertion of Lemma 3.4 with c = c4. Thus we obtain a

partition into at most (1 + 8c1)
r sectors such that if x,y are points in the same

sector, then (̂x,y) ≤ 1
c1

. Consider one of these sectors. First consider the set

of points x in this sector satisfying c4 < |x| < c3. This set can be divided

into at most log(c3/c4)
log(1+1/c5) + 1 subsets such that any two points x,y in the same

such subset verify ||x| − |y|| < 1/c5. According to Proposition 4.1, each of the

subsets has cardinality at most (deg X)2. So, using (11), it follows that the set

of points x in the sector with c4 < |x| < c3 has cardinality at most
(

log(c3/c4)

log(1 + 1/c5)
+ 1

)

· (deg X)2 ≤
14 logΛ

log(1 + 1/c5)
(deg X)2. (13)

10



Now consider the elements x such that |x| ≥ c3 and let us order those points

x0,x1,x2, . . . such that |x0| ≤ |x1| ≤ |x2| ≤ . . . . Again by Proposition 4.1 we

have for any i, j ≥ 0

|xi·(deg X)2+j | ≥ (1 + 1/c5)
i|xj |

So if i ≥ log(c2)/ log(1 + 1/c5) then

|xi·(deg X)2 | ≥ c2|x0|

which is impossible, by Vojta’s inequality (Theorem C). We conclude that there

are at most
(

log(c2)

log(1 + 1/c5)
+ 1

)

· (deg X)2 ≤

(

4 logΛ

log(1 + 1/c5)
+ 1

)

· (deg X)2

points with |x| ≥ c3 in the sector under consideration.

Combining this to (13), it follows that the set
{

x ∈ X(Q) ∩ Γε0 : |x| > c4

}

has cardinality at most
(

18 logΛ

log(1 + 1/c5)
+ 2

)

· (deg X)2 · (1 + 8c1)
r.

Using log(1 + 1/c5) ≥ (2c5)
−1 and Λ ≤ (deg X)6, this bound can be estimated

from above by
(

18 × 6 log(deg X) · 2 × 4(deg X)2 + 2
)

· (deg X)2 ·
(

1 + 8(28 deg X)2
)r

,

which in turn is smaller than

210 · (deg X)4 log(deg X) ·
(

220(deg X)2
)r

= N.

5 Final counting

5.1 Proof of Theorem 1.1

For each y in Γ, let us consider an equation fy(x, y) = 0 of y−1 · X .

First assume that there exists y0 in Γ such that h1(fy0) ≤ 2(log 2) · (deg X).

Since Γε0 is invariant by multiplication by an element of Γ, the cardinality of

y−1 ·X(Q) ∩ Γε0 does not depend on y ∈ Γ. So there is no loss of generality to

assume that fy0 = f(1,1) = f .

We now apply the first assertion of Lemma 3.4 with ρ = c4 and µ = c4q1.

Since ε0 ≤ (2q1)
−1, one can cover the set {x ∈ X(Q) ∩ Γε0 : |x| ≤ c4} by

(4c4q1+3)r “semiballs” of radius q−1
1 centred at a point of Γ. By Proposition 3.3

in such a ball we have at most q2 points. Using c4 = 4(deg X) · h1(f) ≤

8(log 2) · (deg X)2 we obtain

Card{x ∈ X(Q) ∩ Γε0 : |x| ≤ c4} ≤ q2 · (4c4q1 + 3)
r

≤ q2 ·
(

25(deg X)2 · q1

)r

≤ 252r+50(deg X)3r+2(log deg X)5r+6

11



Assume now that for all y ∈ Γ we have h1(fy) > 2(log 2) · (deg X). In

particular by (4), one has 2hGM (fy) > h1(fy). We may also assume that h1(f)

is mainly the smallest among all the fy, more precisely that infy∈Γ h1(fy) ≥
1
2h1(f) (again because the cardinality of y−1 · X(Q) ∩ Γε0 does not depend on

y ∈ Γ).

By [6, Proposition 5.4] we have6, for all y ∈ Γ

Card

{

z ∈ y−1X(Q) : |z| ≤
1

25e2
·
2hGM (fy)

deg X

}

≤ q′2 (14)

where q′2 := 258 · (deg X)4(log deg X)2. Once more we apply the first assertion

of Lemma 3.4 with ρ = c4 and µ = c4q
′
1, where

q′1
−1

:=
1

25e2
·
2hGM (fy)

deg X
.

By the previous considerations and by (4) and (9) we have

q′1
−1

≥
1

25e2
·

h1(f)

deg X
≥

q−1
1

29
.

Thus ε0 = 2−57(deg X)−1(log deg X)−2 = 2−10q−1
1 ≤ (2q′1)

−1.

So we can cover the set {x ∈ X(Q) ∩ Γε0 : |x| ≤ c4} by (4c4q
′
1 + 3)r

“semiballs” of radius q′1
−1

centred at a point of Γ. By (14) in such a ball we

have at most q′2 points. It follows

Card{x ∈ X(Q) ∩ Γε0 : |x| ≤ c4} ≤ q′2 · (4c4q
′
1 + 3)

r

≤ q′2 ·
(

4 · 6 · 26e2 · (deg X)2 + 3
)r

≤ 214r+58 · (deg X)2r+4(log deg X)2

In both cases, using Corollary 4.2 for the “large” points we finally get7

CardX(Q) ∩ Γε0 ≤ N + 252r+50(deg X)3r+3(log deg X)5r+6

≤ 252r+51 · (deg X)3r+3(log deg X)5r+6.

Remark: We could improve the bound for the number of points in Theorem 1.1

if we had the Gauss-Mahler height instead of h1 in Lemma 3.1. Indeed in this

case it would be possible to replace c4 := 4 deg X ·h1(f) by c4 ≈ deg X ·hGM (f)

and, as in (14), it would give 2r + 4 instead of 3r + 3 in the exponent of deg X

in our final bound.

6we use also [6, Proposition 2.1 (vii)], which says that ĥ(y−1X) = 2hGM (fy)
7we also assume r ≥ 1, since the case r = 0 is given by Proposition 3.3
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5.2 Proof of Theorem 1.2

Let us denote c := 4(deg X) · max{1, h1(f)} and ε−1
1 := 4q1c. Since deg X ≥ 2

we have c ≥ 8 Moreover we have

ε1 ≤
1

16q1 deg X
=

1

251(deg X)2(log deg X)5
≤

1

10 × 28(deg X)2
=

1

10c1
.

Then one can apply the same argument as in the proof of Corollary 4.2, applying

point 3. of Lemma 3.4 instead of point 2. We thus obtain

Card
{

x ∈ X(Q) ∩ C(Γ, ε1) : |x| > c
}

≤ N.

To count the points of height smaller than c in X(Q) ∩ C(Γ, ε1), we boil down

the problem to the intersection of X with Γε′ where ε′ := (1 + c) ε1

1−ε1
. More

precisely we have

{x ∈ C(Γ, ε1) : |x| ≤ c} ⊆ {x ∈ Γε′ : |x| ≤ c}.

Indeed, if we consider an element of the first set x = yz with y ∈ Γ and

|z| ≤ ε1(1 + |y|) ≤ ε1(1 + |x| + |z|), then

(1 − ε1)|z| ≤ ε1(1 + |x|) ≤ ε1(1 + c).

Now we notice that ε′ = (1+ c) ε1

1−ε1
≤ 2 · ε1 · c = (2q1)

−1, so we can again apply

point 1. of Lemma 3.4 with ρ = c and µ = q1c, together with Proposition 3.3.

It follows

Card
{

x ∈ X(Q) ∩ C(Γ, ε1) : |x| ≤ c
}

≤ q2 · (4 · c · q1 + 3)r.

Hence the set
{

x ∈ X(Q) ∩ C(Γ, ε1)
}

has cardinality at most

N + q2 ·
(

25(deg X)max{1, h1(f)} · q1

)r

≤ N + 252r+50 · (deg X)2r+2 · (log deg X)5r+6 · max{1, h1(f)}r

≤ 252r+51 · (deg X)2r+2 · (log deg X)5r+6 · max{(deg X)2, h1(f)r}.

Note that if for all y ∈ Γ the polynomial fy has height h1 greater than 2(log 2) ·

deg X then, as in Subsection 5.1, one can get rid of h1(f) in the final bound. But

if one of the fy has height h1 lower than 2(log 2) ·deg X , one cannot assume that

fy = f , since C(Γ, ε1) is not invariant by translation by a point of Γ, contrary

to Γε1 .
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[10] M. Laurent. Équation diophantiennes exponentielles. Invent. Math.,

78:299–327, 1984.

[11] P. Philippon. Sur des hauteurs alternatives III. J. Math. Pures Appl.,

74:345–365, 1995.

[12] C. Pontreau. Petits points d’une surface. Canad. Journ. of Math., 2006.

to appear, available at http://www.math.unicaen.fr/∼pontreau/.

[13] B. Poonen. Mordell-Lang plus Bogomolov. Invent. Math., 137:413–425,

1999.
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