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Abstract

We prove a sharper so-called Mordell-Lang plus Bogomolov type result
for curves lying in the two-dimensional linear torus. We mainly follow the
approach of G. Rémond in [15], using Vojta and Mumford type inequal-
ities. In the special case we consider, we improve Rémond’s main result
using a better Bogomolov property and an elementary arithmetic Bézout
theorem.
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1 Introduction

Let X be a subvariety! of a torus? GJ, embedded in some projective space.
The former Bogomolov’s conjecture states that there exists an € > 0 such that,
provided that X is not a torsion subvariety, the set X (¢) of points in X (Q) with
height at most ¢ is not Zariski dense in X.

S. Zhang established the existence of such an ¢ in [17, Theorem 6.2], with
possible dependence on the height of X (see [18, Theorem 1.10]). Be that as
it may the infimum of the set of ¢ verifying this property has to depend on
arithmetic properties of X, as we can see in the example of a torus coset (i.e., a
translate o+ H of an algebraic subgroup H of GY,). However, if X is not a torus
coset, one can find such an € depending only on geometric invariants. Indeed,
E. Bombieri and U. Zannier obtained in [4] a lower bound depending only on
the ambient dimension g of the torus and on the degree of X (more precisely
on an upper bound depending on the degree of a set of polynomial equations
defining X). Bombieri and Zannier did not give an explicit expression for their
bound. Later, by another approach, W. M. Schmidt [16, Theorem 4] obtained
a completely explicit lower bound which is pluri-exponential in all parameters.

IThat is, a Zariski closed subset defined over a number field and geometrically irreducible.
2Most of the results mentioned in our historical overview have been generalized to the more
general case of semi-abelian varieties.



In this paper, we shall use the embedding ¢ : G¢ — P2°~1 defined as the
composition
an AN (]P)l)g Segre P2971'

Furthermore, for a subvariety X of GY,, we define deg X to be the degree of
the Zariski closure of p(X) in P?°~1. By the height x| of a point x € G, (Q),
we shall mean the logarithmic Weil height of its image under ¢ in P?’~1 (see
Section 2 for more details).

More precisely S. David and P. Philippon proved that for e ~ (deg X )’3'7dim * ,
the set X (g) is contained in a union of finitely many proper torus cosets con-
tained in X (see [6, 7]). Moreover they estimated from above the sum of the
degrees of the torus cosets by a quantity which is of the order of e~'. More
recently F. Amoroso and S. David gave in [2] a sharper version where ¢ is
approximately equal to (deg X )~!—in fact something essentially optimal-—but
without an effective estimate for the number of torus cosets.

The former Mordell-Lang’s conjecture in the case of tori states that for any
subgroup I' of G, (Q) of finite rank, the intersection I' N X (Q) is contained in a
union of finitely many proper torus cosets. This has been proved by M. Laurent
(see [10]).

One can in fact give a more general statement, of the form “Mordell-Lang
plus Bogomolov” (using the terminology of B. Poonen), by taking a thickening
T, of T:

I.:={xy : xel, y e GL(Q), ly|<e}.

This corresponds to the set of points which are “close” to I' with respect to the
height. G. Rémond proved in [15] the following result:

Theorem A. Let X be a subvariety of GY, and T a subgroup of GZ (Q) of finite
rank r. There exist torus cosets B1,...,Bs C X such that for all € < gg
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where eg = (deg X) 79 , S = (deg X)(“Ll)fmam2 and m = dim X + 1.

Note that if T" is the trivial group, Theorem A corresponds to the problem
of Bogomolov, and if ¢ = 0 to the conjecture of Mordell-Lang. This has first
been proved in a non-effective way by B. Poonen in [13], and afterwards by
J.-H. Evertse (see [8]) but with pluri-exponential and polynomial values for ;'
and S.

Specializing the proof of G. Rémond to curves, one can obtain that for any
curve which is not a torus coset
+1

3

Card X (Q) N T2, < (229492 (deg X)™°) '

where 551 = 279+183(deg X)28/3. In that case he proved in fact a more general
result. First, define the notion of truncated cone around I' by putting

Cle):={xy : xeT, y e GL(Q), ly| <e(1+x])}.



In the sequel we use the projective height h(X) (which depends on the considered
embedding ¢) of X and the height h1(f) of a polynomial f, those are defined in
Section 2. As we will see, in the case where X is a curve of G2, and f(z,y) =0
an equation of X, these two quantities are comparable.

Theorem B (Rémond [15, Théoreme 1.2]). Let X be a curve of GY, which is

not a torus coset and I' a subgroup of G9.(Q) of finite rank r. Then we have
_ r+1
Card X(@) NC(T, 1) < (2129+229(deg X)33 max{1, h(X)}) :

where e7 ' = 21297229 (deg X )33 max{1, h(X)}.
Our first result is stated as follows (with the same embedding):

Theorem 1.1. Let X be a curve of G2, and T a subgroup of G2, (Q) of finite
rank r. Assume that X is not a torus coset, then we have

Card X(Q) NT., < 2°2"5(deg X)* *3(log deg X)*" ¢ |
where e5 ' = 2°7(deg X)(log deg X)°.

Assume f(z,y) = 0 is an equation of X. Since deg X = deg,(X) is the sum
of the partial degrees of f (see remark preceding Section 3) and since X is not a
torus coset, we have deg X > 2. Note that we improve here not only the bound
for the number of points, but also the quantity 9. Moreover this quantity is
essentially optimal, since one cannot expect, even when T is trivial, something
greater than or equal to ¢ (deg X)~! for some positive constant ¢ > 0.

In order to count in X(Q) N T, the number of points with not too large
height, we use a refined Bogomolov property ([12, Proposition 5.1]) for certain
translates V' of X, that is, an upper bound for the number of points with small
height in V' lying outside every non-trivial torus coset contained in V. This
gives the main improvement in Theorem 1.1. To prove our refined Bogomolov
property in [12], we first contruct via a Siegel lemma a polynomial vanishing on
V(2710%) (the set of points of V with height lower or equal than 271%). Using
our control over the degree of this auxiliary polynomial and the fact that V is a
hypersurface, we obtain via a zero lemma a divisor of V containing V(27 10¢).
Then the geometric Bézout theorem gives an upper bound for the degree of this
divisor, thus an upper bound for the number of points with small height when
V is a curve (in other words when X is a curve). This explains why the result
is only available for a curve lying in G2 .

Using the same argument as in the proof of Theorem B, we obtain the
following result:

Theorem 1.2. Let X be a curve of G2, and T a subgroup of G2,(Q) of finite

rank r. Assume that X is not a torus coset, then we have
Card X (Q)NC(T, 1) < 2527 (deg X)?" T2 (log deg X )5 max{(deg X)?, h1(f)"},

where 7' 1= 251 (deg X)?(log deg X )® max{1, hy(f)} and f(x,y) = 0 is an equa-
tion of X.



We remark that, as in Theorem B, the bounds depend on the height of X
(more precisely here on the height of f). The reason is that the set C(T',e1) is
not invariant by translation by a point of I', contrary to I'c,.

Our Bogomolov property (Proposition 3.3) states that if a curve X is not a
torus coset, then there are at most go points in X (Q) of height lower than q; t
for some quantities g1, g2 depending on the degree of X. With such a result one
can obtain, via an argument of Schmidt (see [16, Theorem 5]) slightly modified,
the following bound. Under the assumptions of Theorem 1.1, given C' > 1 and
0<e<L %qfl, there are at most

@2 (4C-q +1)" (1)

points in I'.NX with height smaller than C'. In the final counting of Theorem 1.1,
the main term comes from (1), choosing C' =~ (deg X)2. In order to count the
points of “large” height, we use a classical Vojta type inequality and a Mumford
type gap principle.

Our paper follows mainly [15]. We first recall some definitions and facts
about heights in Section 2. In Section 3, we give an elementary arithmetic
Bézout theorem an recall the Bogomolov property of [12].

In Section 4, we recall G. Rémond’s version of Vojta’s inequality in the case
of curves and give an optimized version of Mumford inequality. Finally, we
prove the main theorems by a counting of the small and the large points.
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2 Heights

We will use several notions of height. Given a number field k£ we write M, for
the set of its places. For v € My, we write | - |, for the absolute value having
Ip|, = p~ ! if v lies above a prime number p, and requiring that the restriction of
|-]» to Q is the ordinary absolute value. We further denote by k, the completion
of k at v.

Let a be a point of P*(k). We denote by hi, he and ho, the quantity

(ko : Q]
LA
ng [k: Q]

where ||al|, is respectively the 1-norm, the 2 (euclidean) norm and the infinite
(sup) norm associated to the absolute value | - |, if v is archimedean:

1/2
|a0|v+"'+|an|v= (|a0|12)+---+|an|12))/ ) maX{|a0|U,...,|an|v},



and the infinite norm if v is non-archimedean. In particular ho(a) is the loga-
rithmic Weil height of a. Note that we have the following inequalities

ho(a) — élog(n +1) < hoola) < ho(a) < hy(a). (2)

Furthermore, if B is a finite subset of Q (like the set of coefficients of a polyno-
mial), we will denote by hi(B), ha(B) and heo(B) the height of the projective
point defined by B.

For any x = (71,22) € G2(Q), as in [15], we define |x| as the quantity

IX| := hoo(1: @1 : 22 : X122) = hoo(1 : 1) + hoo(1 : 22).
In particular we have, for all A € Q and all x,y € G2,(Q),
xy| <[x|+y] and [x*]=[A[x].

Here x* is defined up to multiplication with a torsion point but for the value of
|x*| this does not matter. We extend this height | - | to a norm on the R-vector
space G2,(Q) ®z R (the argument that |- | is a norm is due to Cassels, see [3]
p. 137 for details). Addition and scalar multiplication on this vector space will
be denoted respectively multiplicatively and exponentially, to be consistent with
the operations on G2 (Q). The “angle” between x and y is defined by:

— —1

(x,y) = [y - x|,

The projective height h(Z) of a subvariety Z of G2, is defined by means of a
Chow form of the Zariski closure of ¢(Z) in P? (see [11]). Let us now consider
the case of a hypersurface Z (a curve here) defined by some equation g(z,y) = 0.
We recall that, by definition, the Mahler measure of g is the quantity

1,1
M(g) :=exp (/ / log |g(e*™, ™) | du dv) .
0Jo

The Gauss-Mabhler height haar(g) of g (notation of [6]) is

o Q]
han(g) = Y. = log My(g) (3)
T e TR Y

where M, (g) is the Mahler measure of o(g) if v is the archimedean place asso-
ciated to o and the Gauss norm (i.e. maximum norm) of g if v is finite. We
have the following inequalities:

|(Z) = 2h1(g)| < 9(log2) - deg Z W
han(g) < hi(g) < han(g) + (log2) - deg Z.

Indeed, on the one hand we know (see [6, Proposition 2.1 (v) and (vii)]) that
2ham(g) — h(Z)| < T(log2) - deg Z.

On the other hand, at infinite places, we know that the Mahler measure is

smaller than the 1-norm and ||g||; < 2%=sFdv.s M (g) (see for instance [9, Lemma B.7.3.2]).

Thus, using the equality deg Z = deg, Z = dy g + dy,g, the sum of the partial
degrees of g (see [14, p. 103]), we obtain (4).



3 Auxiliary results

We will need an arithmetic Bézout result, like [11, Théoréme 3], for curves. But
in this case one can give a slightly more precise statement with an elementary
proof.

Lemma 3.1. [arithmetic Bézout for curves] Let k be a number field and
let f,g € k[z,y] be coprime polynomials. For any common zero Xo = (xo,Yo) of
f and g one has

Ixo| < deg,(g) - ham(f) + degy(f) - hi(g) ,

where deg, is the sum of the partial degrees.

Proof. By hypothesis the resultant R := Res,(f, g) is non zero. Now since x is
a root of R, its height is bounded above by hgar(R) (see (3)):

Denoting by dy f,dy, f,ds.g, dy,g the partial degrees of f and g with respect to
the variables x and y, we can write f and g as

dy, ¢ dy.g
fly) = aix)y’ and gla,y) = bi(z)y'.
i=0 i=0
Then we have
ao(z) ad, ()
B ao(z) ... ag,,(x)
R(z) = det bo(2) ba, . (2) s
bo(x) ... bq,,(x)

Let v be a finite place of k. We know from [1, Lemme 4.1.7, Corollaire 4.1.12]
the following inequality:

My(R) < sup  |R(t)]o- (6)

teCy,|t],=1

So let t € C,, of absolute value 1. Expanding the determinant over all permuta-
tions we obtain, by (6) and the ultrametric inequality,

dy’
My(R) < || fllgee - gl (7)

where || - ||, is the Gauss norm.



Let us now consider archimedean places. Let t € C of absolute value 1. We
have:

Res(f(t,9),9(t,y)| = [RO] = lag,, (O™ [ lota)l

aeC
f(t,a)=0

jag, ;O TT llgllh - max{1, |al}®s

a€C
f(t,a)=0

< M(f(ty) ™ - |gl

The integral over the unit circle of the logarithm gives:

IN

log M(R) < dy.glog M(f) + dy. s log||g]|1- (8)
Now summing (7) and (8) over all places of k and using (5), we obtain
heo(1,20) < dy,g - han(f) + dy.z - I (9).
Similarly we have
hoo(1,90) < dg.g - ham(f) + da.5 - hi(g).

Then the inequality of the lemma follows. (|

Corollary 3.2. Let X be a curve of G2, and o € G2, (Q) which does not belong
to the stabilizer® of X. Then for every x in X Na~ ! - X we have:

[x| < 2h1(f)(deg X) + |ex|(deg X)*.

Proof. Assume X is defined by some equation f(z,y) = 0 where f(z,y) :=
Zigdm,f,jgdy,f a;jz'y’. Let (o, 3) = a and g(z,y) := f(a-z,8-y). Then
g(z,y) = 0 is an equation of @=! - X. Note that f and g are coprime since a
does not belong to the stabilizer of X. Moreover we have d; s+d,, r = deg,(f) =
deg X and similarly for g. Hence from Lemma 3.1 and (4) we get

xi| < deg X - (haum(f)+hi(g))

< degX - (2h1(f) + dy phoo(1,0) + dy pheo(1, 5))

IN

deg X - (2h1(f) + degX|a|).
O

Instead of the Bogomolov type inequality from [7], we use the following one
from [12] (see Proposition 5.1), giving a better upper bound for the number of
“small” points in a curve:

3That is, the set {x € G2,(Q) : x-X = X}.



Proposition 3.3. Let Z be a curve of G2. If Z is not a torus coset then
Card {z cZ(Q) : |z| < qfl} < qo

where q; := 24" (deg Z)(log deg Z)® and qo := 2°°(deg Z)?(log deg Z)°.

Remark: In [12, Proposition 5.1] we used instead of g; and ¢y the following
quantities:

g1 := 10" w(logw’)® and G :=2-10"w?*(logw’)®

where w := deg,(Z) is the degree of the Zariski closure of the image of Z by
t:G% — P2, (2,y) — (1: 2 :y) and where v’ := max{16,deg,(Z)}. But we
have deg,(Z) < (deg Z) < 2deg,(Z) and hoo(1(z)) < |2| < 2hoo(1(2z)). Moreover
since deg Z > 2 we also have 4logdeg Z > logw’. Thus the proposition is valid.

Suppose Z is given by the equation g(z,y) = 0. Then one has
2han(9) > ¢p ' - deg Z. (9)

This is a consequence of a theorem of S. Zhang. Indeed, for any real number
0 and any variety V, let us denote V() the subset of points a in V such that
|| < 6. The essential minimum of V' is defined as follow

fressV) = inf {0 > 0| VB " =V}

where V(@)Zar is the Zariski closure of V' (6). Thus from Proposition 3.3 it follows
fless(Z) > g~ 1. A particular case of a result of S. Zhang (see [17, theorem 5.2]
and [18, theorem 1.10]%), gives the following inequality

h(V) > ﬂess (V) : deg V.

Moreover by [6, Proposition 2.1 (vii)] we have 2hgas(g) = h(Z), so (9) is proved.

The following lemma of G. Rémond (see [15, Lemme 2.1]) generalizes an
argument of Schmidt (see [16, Theorem 5]).

Lemma 3.4. Let ' a subgroup of G2(Q) of rank r and ¢ >0

1. Let p and u be two real numbers such that p > 0, p > 0 and e < p/(2).
Then there exists a subset E of ' such that Card E < (4 + 3)" and

{vel. : x[<pyC |J{oweTe : xy'[<p/u}.
yeE

4In [5, Corollaire 3.2], there is also a simpler proof in the case of abelian varieties, directly
adaptable to GZ,.



2. Let c1 and c be two positive numbers® such that c; > 1 and € < ¢/(8¢1).
Then there exists a partition of {x € I'. : |x| > ¢} made of at most

(1 +8¢;)" sectors in which any two points X,y verify (x,y) < ¢;*.

3. Ifc>8 ande < (10c1) ™! then we can replace T'c by C(T',€) in the previous
statement.
4 Inequalities of Vojta and Mumford

In what follows, we consider a geometrically irreducible curve X of G2, defined
over Q which is not a torus coset. We introduce the following quantities:

A = (3-2'%deg )()5)1/3 < (deg X)S since degX >2
g = 2%(deg X)?

co = AS

ez = AYmax{h(X),1}

First we recall a particular case of a result of G. Rémond ([15, Théoréeme 3.1].

Theorem C (Vojta’s inequality). For any x1,x2 € X(Q) such that
il > s and (x1,%2) < ¢

we have |x2| < ca]x1].

Using Corollary 3.2 we get the following improved version of [15, proposi-
tion 4.2] in the case of curves in G2,.

Proposition 4.1 (Mumford’s inequality). Let ¢y := 4deg X - hi(f) and x €
X(Q) such that |x| > cy4. There are at most (deg X)? points y in X (Q) such
that . .
xy)<— and x| -yl < —x] (10)
C1 Cs

where c5 = 4(deg X)2.
Proof. Consider y € X satisfying (10) and let « := xy~!. One has

/x|, —1/Ix]

ol = x|y

= |x]- ‘yl/m Cx ULy = 11y

< - ’yl/\y|.x—1/\x\ Hl L Ly
- x|yl
x|
2(deg X)?

5In [15, Lemme 2.1] the author assume ¢ > 1, but the hypothesis ¢ positive is sufficient.



Thus,
b'4
2h1(f) - deg X + |a|(deg X)? < 2hi(f) - deg X + % < |x|

From Corollary 3.2 we know that a := x~! -y must belong to the stabilizer
of X. On the other hand the stabilizer of X is an algebraic subgroup equal to
Nzexz~ ! - X. Since X is not a torus coset, the dimension of this intersection
is zero. Thus, by the geometric Bézout theorem, its cardinality is at most
(deg X)2. O

Remark: We have

< AM, (11)
ca

Indeed, using (4) and deg X > 2 we get
3 A max{1,h(X)}

o T i(deaX) ()
A (2R (f) + 9(log 2) deg X))
- 4(deg X) - ha(f)
At 9log 2

< + .
2 4-h(f)
Now we know from (4) and (9) that

2h1(f) > 2ham(f) > ¢i ' - deg X. (12)

Now since A = (3-2'%(deg X)®) /3 and q1 = 2%7(deg X)(log deg X )® we obtain

9log?2

14
4-hi(f) A

1
< —
-2
Corollary 4.2. Let N := 2207110 (deg X)?"1 . log(deg X ). Then

Card{x € X(Q) NI, : [x|>c} <N

where gg := 2710 1.

Proof. Tt follows from (12) that o := ‘;1%: < 29}1(118;))( = g Consequently we
can apply the second assertion of Lemma 3.4 with ¢ = ¢4. Thus we obtain a
partition into at most (14 8¢1)" sectors such that if x,y are points in the same
sector, then @ < é Consider one of these sectors. First consider the set
of points x in this sector satisfying ¢4 < |x| < ¢3. This set can be divided
into at most % + 1 subsets such that any two points x,y in the same
such subset verify ||x| — |y|| < 1/¢5. According to Proposition 4.1, each of the
subsets has cardinality at most (deg X)?. So, using (11), it follows that the set

of points x in the sector with ¢4 < |x| < ¢3 has cardinality at most

< log(cs/cq) ) N 1) (deg X)? < 14log A

log(1 + 1/cs) < m(deg X)2. (13)

10



Now consider the elements x such that |x| > ¢3 and let us order those points
X0, X1,X2,... such that |xo| < |x1| < |[x2| < .... Again by Proposition 4.1 we
have for any 7,5 > 0

[Xi-(deg x)24+5] = (1 +1/e5)" [
So if i > log(c2)/log(1l + 1/¢5) then

;. (deg x)2| > c2|Xo|

which is impossible, by Vojta’s inequality (Theorem C). We conclude that there
are at most

log(c2) > 9 < 4log A ) 5
—— 4+ 1) - (degX)*"<| ——————+1) - (deg X
<log(1 + 1/cs) (deg X" <\ fogT 1 1/ea) (deg X)

points with |x| > ¢3 in the sector under consideration.

Combining this to (13), it follows that the set {x € X(Q)NT¢, : [x| > c4}
has cardinality at most

18log A 9
———— 4+ 2] - (deg X)°- (1 +8c1)".
(gt e +2) (@015

Using log(1 + 1/c5) > (2¢5)~! and A < (deg X)®, this bound can be estimated
from above by

(18 x 6log(deg X) - 2 x 4(deg X)* +2) - (deg X)? - (1 + 8(28 deg X)?)" ,
which in turn is smaller than

219 (deg X)*log(deg X) - (220(deg X)2)T - N.

5 Final counting

5.1 Proof of Theorem 1.1

For each y in I, let us consider an equation fy(z,y) =0of y=!- X.

First assume that there exists yo in I" such that hq(fy,) < 2(log2)- (deg X).
Since I';, is invariant by multiplication by an element of I', the cardinality of
y 1 X(Q)NT,, does not depend on y € T'. So there is no loss of generality to
assume that fy, = f11)=f.

We now apply the first assertion of Lemma 3.4 with p = ¢4 and p = c4q:.
Since g9 < (2¢1)7!, one can cover the set {x € X(Q)NT., : [|x| < cs4} by
(4deaqr +3)" “semiballs” of radius ¢ ! centred at a point of I'. By Proposition 3.3
in such a ball we have at most go points. Using ¢y = 4(deg X) - hi(f) <
8(log2) - (deg X)? we obtain

Card{x e X(Q)NT., : |x|<es} < qo-(4eaqr +3)"
< g2 (2°(deg X)? - qn)”

< 252r+50(degX)3r+2(10g deg X)5r+6

11



Assume now that for all y € T" we have h1(fy) > 2(log2) - (deg X). In
particular by (4), one has 2hgar(fy) > h1(fy). We may also assume that hq(f)
is mainly the smallest among all the fy, more precisely that infyep hi(fy) >
2h1(f) (again because the cardinality of y = - X(Q) N T, does not depend on
yel).

By [6, Proposition 5.4] we have®, for ally € T

I 1 2heu(fy)
1 . GM
Card {z cy X(Q) : |z| < 5502 deng } < ¢ (14)

where ¢} := 258 . (deg X)*(log deg X)?. Once more we apply the first assertion
of Lemma 3.4 with p = ¢4 and p = ¢4q], where

-1 1 2hau(fy)
N T 95 degX

By the previous considerations and by (4) and (9) we have

—1
/1—12 1 .hl(f)ZQI '
25¢2  deg X 29

Thus 9 = 2757 (deg X)~'(logdeg X)~2 = 27191 < (2¢})~".
So we can cover the set {x € X(Q)NT., : |x| < cu} by (deaq) + 3)"
“semiballs” of radius ¢} " centred at a point of I'. By (14) in such a ball we

have at most ¢} points. It follows

Card{x € X(Q)NT., : x| <ca} < ¢y (deaq) +3)"
< gh- (46202 (degX)?+3)"

< 218 (deg X )2 (log deg X )?

In both cases, using Corollary 4.2 for the “large” points we finally get”

Card X(Q)NT,, < N +2°"0deg X)3 3 (log deg X)>"+6

IN

252T+51_ de X3T+3 log de X5T+6.
g g deg

Remark: We could improve the bound for the number of points in Theorem 1.1
if we had the Gauss-Mahler height instead of h; in Lemma 3.1. Indeed in this
case it would be possible to replace ¢4 := 4deg X - h1(f) by ¢4 ~ deg X - haar(f)
and, as in (14), it would give 2r + 4 instead of 3r 4+ 3 in the exponent of deg X
in our final bound.

6we use also [6, Proposition 2.1 (vii)], which says that h(y~1X) = 2han (fy)
"we also assume r > 1, since the case r = 0 is given by Proposition 3.3
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5.2 Proof of Theorem 1.2
Let us denote ¢ := 4(deg X) - max{1, hi(f)} and ;' := 4qyc. Since deg X > 2
we have ¢ > 8 Moreover we have

1 1 1 1
< = < = .
1= 16¢; deg X 2°1(deg X )2(logdeg X)5 — 10 x 28(deg X)2  10¢;

Then one can apply the same argument as in the proof of Corollary 4.2, applying
point 3. of Lemma 3.4 instead of point 2. We thus obtain

Card{x € X(Q)NC(T,e1) : [x|>c} <N.

To count the points of height smaller than ¢ in X (Q) NC(T', 1), we boil down

the problem to the intersection of X with I'.s where &’ := (1 4+ ¢);=-. More

precisely we have
{xelCl,e1) : |x|<c} C{xeTls : x| <c}.

Indeed, if we consider an element of the first set x = yz with y € T' and
2| <e1(1+Jyl) < e1(1+ x|+ |z]), then

(I—ey)lz| <e1(1+x|) <er(l+¢).

Now we notice that &’ = (1+c¢)gE- < 2-e1-c = (2q1)™1, so we can again apply

point 1. of Lemma 3.4 with p = ¢ and p = qic¢, together with Proposition 3.3.
It follows
Card{x € X(Q)NC(T,e1) : [x|<c} <q-(4-c-q1+3)".

Hence the set {x € X(Q) NC(T,e1)} has cardinality at most

N + g2 - (2°(deg X) max{ 1, ()} 1)

IN

N + 2527450 . (deg X)?" 2 . (log deg X )"0 - max{1, hy(f)}"

IN

252151 . (deg X)?" T2 - (logdeg X )16 - max{(deg X)?, h1(f)"}.

Note that if for all y € I" the polynomial f, has height h; greater than 2(log 2) -
deg X then, as in Subsection 5.1, one can get rid of h1(f) in the final bound. But
if one of the fy has height hq lower than 2(log 2)-deg X, one cannot assume that
fy = f, since C(T',e1) is not invariant by translation by a point of I', contrary
to I'c,.

References

[1] Y. Amice. Les nombres p-adiques. Presses Universitaires de France, 1975.

[2] F. Amoroso and S. David. Points de petite hauteur sur une sous-variété
d’un tore. Compositio Math., 142:551-562, 2006.

13



3]

[15]

[16]

[17]

18]

E. Bombieri and W. Gubler. Heights in Diophantine Geometry. Cambridge
Univ. Press, 2006.

E. Bombieri and U. Zannier. Algebraic points on subvarieties of GJ.,. In-
ternational Mathematics Research Notices, 7:333-347, 1995.

S. David and P. Philippon. Minorations des hauteurs normalisées des sous-
variétés de variétés abéliennes. In V. K. Murty and M. Waldschmidt, edi-
tors, Number Theory, Tiruchirapalli 1996, volume 210 of Contemp. Math.,
pages 333-364, 1998.

S. David and P. Philippon. Minorations des hauteurs normalisées des sous-
variétés des tores. Scuola Norm. Sup. Sci., 28(4):489-543, 1999.

S. David and P. Philippon. Erratum to: Minorations des hauteurs nor-
malisées des sous-variétés des tores. Scuola Norm. Sup. Sci., 29:729-731,
2000.

J.-H. Evertse. Points on subvarieties of tori. In G. Wiistholz, editor, Proc.
Conf. Number Theory, pages 214-230. Cambrige Univ. Press, 2002. Zurich
1999.

M. Hindry and J. H. Silverman. Diophantine Geometry - An Introduction.
Springer, 2000.

M. Laurent. Equation diophantiennes exponentielles. Invent. Math.,
78:299-327, 1984.

P. Philippon. Sur des hauteurs alternatives III. J. Math. Pures Appl.,
74:345-365, 1995.

C. Pontreau. Petits points d’une surface. Canad. Journ. of Math., 2006.
to appear, available at http://www.math.unicaen.fr/~pontreau/.

B. Poonen. Mordell-Lang plus Bogomolov. Invent. Math., 137:413-425,
1999.

G. Rémond. Introduction to Algebraic Independence Theory, chapter Chap-
ter 7: Géométrie diophantienne multiprojective. Springer Berlin / Heidel-
berg, 2001.

G. Rémond. Sur les sous-variétés des tores. Comp. Math., pages 337-366,
2002.

W. M. Schmidt. Heights of points on subvarieties of G};. In S. David,
editor, Number theory 93-94, Lond. Math. Soc. Lect. Note Ser. 235, pages
157-187. Cambridge University Press., 1996.

S. Zhang. Positive line bundles on arithmetic varieties. J. Amer. Math.
Soc, 8:187-221, 1995.

S. Zhang. Small points and adelic metrics. J. Algebraic Geom., 4:281-300,
1995.

14



