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n!r�½ �=w4��xb�{w!~���xm}`x_s?u=w�y(t`»�}�� w!|�x�����u`y{xb�_�(����~�v(w�x
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f@´�°4p�Àqk(±Hk(Á
k(hjÀ"µ0À"k�Â�¯5°Ã®�g�°4µ³±

R Ä k_²�´�¶�´�²0k"g
hH´=Å�p©¯5²-g4k�g4p©g4kq²-²-k_kq±
R2 Ä k�²-´ Ä µ-p[±{´=°�Àqk_k"g4Àq²-µ Ä µ0k"°4°4k�r�Æ�k"pkq°4p©k"®bÅ�²0k"pBp©g4µ0¶�´�°`±jpBp©¯�°�±©Ç�µ0²-pB¯5g
¶`k(h©±jpqÂ�È�k(hj®�i"p É

· r
A :=

{

x ∈ R | ∃n ∈ N, x = n
1+n

} Ê
n!r
B :=

{

x ∈ R | 1

2
≤ x2 ≤ −x

}

Ê
Ë r
C :=

{

(x, y) ∈ R2 | x+ y ≤ y2
}

Ê
Ì4r
D :=

{

(x, y) ∈ R2 | − 1 < x2 + y2 − 2xy ≤ 1
} r
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n,m ∈ N∗
Â�¯5°�ÎL¯5p©k

d(n,m) = | 1
n
− 1

m
|
r

· rBÏ$¯5°`±©hjk(hNÐ�g4k
d
kqp[±8g4°4k Ä µ0p[±{´�°4À"kbp©g
h N∗

r
n!rBÏ$¯5°`±©hjk(hNÐ�g4k.±j¯5g
±jk.Î�´=h©±jµ-k Ä k (N∗, d)

kqp[±8¯5g
¶`k(h©±jk5r
Ë r.ÑÒk(±©±jk Ä µ-p[±{´=°�Àqkbkqp[±©Ç�k"²0²-k.±j¯�ÎL¯5²-¯5Ó�µ�Ð�g4kq®�k"°`±Bi"Ð�g4µ0¶�´�²-kq°`±jkbÔm²-´ Ä µ-p[±{´=°�Àqk.±©hjµ0¶
µ-´�²-k�ÉÌ4rBÆ�´ Ä µ-p[±{´�°4Àqk d kqp[±©Ç�kq²-²-kmÕ�®miq±©hjµ-Ð�g4k"®�kq°`±(Ö?i"Ð�g4µ0¶�´�²0k"°`±jkNÔ�À"kq²-²0kNµ-° Ä g�µ³±jkNÎ�´=h]²�´�¶�´�²0k"g
h�´�Å�p©¯�²-g4k.p©g4h R

É
× rBÆ?Ø kqp[Î�´�Àqk

(N∗, d)
k"p[±©Ç�µ0²�À"¯5®HÎ�²0kq±"Â�À5Ø k"p[±©Ç�Ô�Ç Ä µ³hjk�g4°�k�p©g4µ³±jk Ä k�Ñ�´�g4À{o�Ù�ÎL¯5g
hm²�´ Ä µ-p[±{´�°4Àqk d kqp[±©Ç�k"²0²-k

°4iqÀ"kqp©pj´�µ³hjk"®�kq°`±8Àq¯5°`¶`k(hjÓ5k"°`±jk Ä ´�°4p N∗
É

rqrqr³Ú�rqr"r
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� ±{´�°`± Ä ¯5°4°4iqp Ä k"g
Ámkqp[Î ´=À"kqp?®�iq±©hjµ-Ð�g4k"p (E, δ)

k(±
(E′, δ′)

Â5g4°�k8´=Î4Î�²-µ0À
´�±jµ-¯5°
ψ : (E, δ) → (E′, δ′)

kqp[± Ä µ³±jk�=w!��x��(��x p©µ9²�Ø µ0®�´�Ó5k@Î�´=h
ψ Ä Ø g4°�¯�g4¶5kqh©± Ä k (E, δ)

kqp[±Bg4°�¯5g
¶`k(h©± Ä k (E′, δ′)
r

� ¯5µ0±
n
g4°�kq°`±jµ-k(hBp[±©hjµ-À(±jk"®mk"°`±�ÎL¯5p©µ0±jµ0È Ê ¯5°�®�g4°4µ0±

Rn Ä Ø g4°4k@°�¯=hj®�k ‖ · ‖ r· r��8°z®�g4°4µ0±
R+ Ä k@²�´ Ä µ0p[±{´�°4À"k@µ-° Ä g4µ0±jk.Î ´�hB²�´H¶�´�²-kqg
h8´�Å�p©¯�²-g4kbg4p©g4kq²-²-kbp©g
h R

r4Ï+¯�°�±©hjk(h8Ð�g4k@²�Ø ´�Î�Î�²0µ0Ç
À"´=±jµ0¯5°

ψ : Rn → R+ Ä i���°4µ0k.Î�´=h x 7→ ‖x‖
k"p[±�¯5g
¶`k(h©±jk�Õ�¯5°�ÎL¯5g
h©h{´HÀ"¯�®�®�kq°�Àqk(h�Î�´=h�®�¯5°`±©hjk(h8Ð�g4k

²�Ø µ0®�´�Ó5k Ä Ø g4°4k@ÅL¯5g4²-k@¯5g
¶`k(h©±jkbkqp[±8Ôm²�´mÈ�¯�µ-p�g4°4k@Î ´�h©±jµ-k@¯5g
¶`kqh©±jk Ä ´�°4p R+

k(±Bg4°�µ-°`±jk(h©¶5´�²0²-k�Ö{r
n!r��8°+Àq¯5°4p©µ Ä�� hjkHg4°+kqp[Î�´�À"k�®�i(±©hjµ�Ð�g4k

(X, d)
k(±.g�°4kH´=Î4Î�²-µ-À"´=±jµ0¯5°+¯5g
¶`k(h©±jk

f : X → Rn r � ¯5µ0± A g4°4k
Î�´=h©±jµ0kb°4¯5°�¶
µ Ä k Ä k X r4Ï$¯5°`±©hjkqh8Ð�g4k5Â
Î£¯�g4h�±j¯�g4±Biq²-iq®�kq°`±

a Ä ´�°4pB²�Ø µ0°`±jiqhjµ0k"g
h Ä k A Â�¯5°�´

‖f(a)‖ < sup
x∈A

‖f(x)‖.
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· r � ¯5µ0k"°`±

(E, δ)
k(±

(E′, δ′) Ä k"g
Á+kqp[Î�´�Àqk"p@®�i(±©hjµ�Ð�g4kqp@k(±bg4°4k�´=Î4Î�²0µ-À"´=±jµ-¯�°
ψ : (E, δ) → (E′, δ′)

g4°4k
´�Î�Î�²0µ-À"´=±jµ-¯5°�À"¯�°�±jµ0°�g�k.p©g4h
	Jk"À(±jµ0¶5k5r
Ï$¯5°`±©hjk(h8Ð`g�k.²�Ø µ-®�´�Ó5kNÎ�´=h

ψ Ä Ø g4°4k.Î�´=h©±jµ0k Ä kq°4p©k Ä k E k"p[± Ä kq°4p©k
Ä ´�°4p E′

r
n!rBf@´�°4p

R
®�g4°�µ Ä kH²�´ Ä µ0p[±{´�°4À"kmg4p©g4k"²0²-k�Â9®�¯�°�±©hjk(h�Ð�g4km²�Ø ´ Ä o4iqhjkq°4À"k Ä km²�Ø kq°�p©kq®�Å�²-k {sin(r) | r ∈ Q}kqp[±B²�Ø µ-°`±jk(h©¶5´�²0²-k

[−1, 1]
r

Ë r � ¯5µ³±
ϕ0 : N → Q

g4°4k�´=Î4Î�²-µ0À
´�±jµ-¯5°zÅ�µ 	[kqÀq±jµ³¶`k5r��8°�Àq¯5°4p©µ Ä�� hjkb²�Ø ´�Î�Î�²0µ-À"´=±jµ-¯5°

ϕ : N −→ R

n 7−→ sin(ϕ0(n)).

�N¯=±j¯5°4p
C([−1, 1],R)

²�Ø k"°4p©kq®�Å�²-k Ä kqp�´�Î�Î�²0µ-À"´=±jµ-¯5°4pmÀq¯5°`±jµ-°�g4k"p Ä k [−1, 1] Ä ´�°4p R
r � ±{´�°`± Ä ¯�°�°4iqp

Ä kqg
Á�i"²0i"®mk"°`±jp
f, g Ä k C([−1, 1],R)

Â ¯�°+°4¯�±jk
Af,g

²�Ø kq°4p©k"®�Å�²0k
{n ∈ N | f(ϕ(n)) 6= g(ϕ(n))}

k(±
¯�°zÎL¯5p©k

d(f, g) =

{

0
p©µ

Af,g = ∅

2−min Af,g
p©µ-°4¯5°

.
Ï$¯5°`±©hjk(hNÐ�g4k

d
kqp[±8g4°4k Ä µ0p[±{´�°4À"kbp©g
h C([−1, 1],R)

r


