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Gn
m := Gn

m(Q)
03�����

Pn ;0�2/<3��,=46�:)
(α1, . . . , αn) 7→ (1 : α1 : . . . : αn) ; &'�>46�:)+� ,1$'!�.1,-&�)?.@��A3��!#� &'!#)B0DC !��>4E�",-�9�

α
�+&/)F��.@�

A3��!#� &'!#)�0�&HGI&',1.J.-��79�:) ,1� A�85,-KL!�&M0�!�4N��,-�9��43) �:OP&'$�� ,-Q3$/��)+) &/�R4E�"��06�:�L� ; �+�",1� ; �+, k &'�R��!��%$'��)+43��0�&M���"8�S�) &/�
$'���L� &/�3���9�

α1, . . . , αn T
h(α) :=

∑

v∈Mk

[kv : Qv]

[k : Q]
log (max{|α0|v, . . . , |αn|v}) .

�U&�85V/85&��+,
V

&'�R��!���&��+�"!��RWYX"�:) ,12/� 2(0�&
Gn

m
; ���"!�������� &�) �"���

deg(V )
.-&(03&/7�) 2(03&��+�"���:03A�2�) &'��$/&�0�&

ZE�:) ,1�R[#,�03�����
Pn \^] �#<3� ; �+,

F
&/�R�%!���4E�".`_#��a"85&
bc$/�J&�d
$',1&'�9� ����.17"2�S3) ,-KL!�&'� ; ���"!�������� &/) ���3�

h(F )
.@�

A3��!#� &'!#)=0�!�4E�",-�9�e43) �:OP&'$�� ,-Q�0�2�<6��,N46�:)f�+&/�=$/�J&�d
$/,-&/�L� � \gh��!3�i!#� ,1.-,-�+&�) �"���i.@�h�R�+) !�$�� !�) &M�6�*� !�) &/.-.1&j0�&j7�) �"!#4E&j$/�"858%!#�F�:� ,1Q�kl0��"��$j0�&
Z
Wm85�L03!�.1&:n^0�&

Gn
m

��,-���+, ;�+,
α

&��
l
0�2'�+,17"��&'�9�j) &/�R4E&'$�� ,1X9&/85&/�9�j03&/�j2/.-2/85&/�L� �M03&

Gn
m

&��j03&
Z ; ��.-�:) � ; 4E�"!#)j� �"!#� &fX��:) ,-2�� 2

V ; ���"!������� &/) ���3�
α · V := {αβ | β ∈ V } &��

[l]V := {βl | β ∈ V } \of�:4�4E&/.-�"���hKL!�&�.YC ,-��0�,-$/&%0NC ��S3�R�+) !�$�� ,-�"�
ωQ(α)

0NC !3�c4E�",-�9�
α ∈ Gn

m

�NC &'�R�U�:!��+) &�KL!�&�.1&�43.1!3�=4E&/� ,`�
0�&'7�) 2�0DC !��3&�AL_L4N&�) �+!#) Ql��$/&c0�&

Gn
m

0�2/<3��,-&c�+!#)
Q

46���+� �:�L�
46�:)
α \ of&/8
�:)FK9!3���3�
0�&�43.1!3�BK9!3&�$/&/�+� &

KL!3���9� ,1� 2(&'�R�U$'�"�9�+) a".12'&%46�:)�.-&�0�&/7�) 2�0�!p$'�:)+46�U03&(0�2�<3�3,`� ,-�"�q0�&
α r &/�p&/sE&���!����*) 7"!�85&'�9��0NC ��.-7"t�S�) &

.-,1�32'��,`) &��3��!3�e0��"���3&�.lC ,1�32/79��.1,1� 2 T
ωQ(α) ≤ n(degQ(α))1/n kRu*n

kYKL!�,N&/�R�e0DC ��,-.1.-&/!#) �e!3��&�2/79��.1,1� 2U�+,
n = 1

n \ ��������v wh8�Wm���:xD.-&/�=�:!�� &/!#) �j4�) ��4E�"�+&/�9�=!��3&U$'�"�:OP&'$�� !#) &5k y{z |/z
} �"�:OR&/$/� !#) &5u \�~J� nH7"2/��2/)F�:.-,-� �:�L�=$'&/.-.1&�0�&����1�?�������^�h�#��k y'z |/zDv �^&/x�nH&'��0�,-8�&'���+,-�����+!#4E2/) ,1&'!#) & T
���E�J���#���*���{�����e�:�#�c���:�#�� ¢¡6�l£m ¢�

n ≥ 1 ¤ £�¥f F¦:£�§F�� ��J¡E  y �:¡3§¢��¨:¡6�� 
c(n) > 0

�� /¥©¥1 �ª¢�6  ¤j« �:�J�����:�#�
α ∈ Gn

m ¬ �:¡3�H¥- ¢§ y �{�:� ¬ �:¡3¡E­F ¢§U§/�:¡3��®��#¥`�l£ « ¥¯£ y ¨��l£©°� �®
 �¡6��£�¡ ¬ ­ «  �¡ ¬ ¨:¡6�� ¢§ ¤ �:¡�¨:£��j±

h(α) ≥ c(n)

ωQ(α)
.

��������.-&�85V/85&c�:)+� ,1$'.1& ; ,1.-��85�"�9�+) &/�L�
KL!�&�$/&/�+� &?$/�"�:OR&/$/� !#) &�&/�R��XJ)F��,1&�bp!���Q���$/� &/!#)p²
log ³ 4�) t/� ;7"2/�32�)F��.1,-� ���9��!3��� A�2/��) t/85&�0�&H´��J�5µ�¶3��µE·�µ�¸L¹'º�»�k y{z |/z9v ���:xln�&'��0�,185&'���+,1�"���+!�4E2�) ,-&/!#) & \'¼ .-�D4E�"!#) �+!�,1X"&'�9�

$'&��+� &�2�� !�03&�03������v wh8�Wm��� ~ x^&/�=�:d
��&/�9�f$/&�) 2/�+!�.1�F�:� T½+¾�¿�À*Á�ÂPÃLÄ3ÅÇÆ@È©Ä*É-Ê Ë¯À*Ì*Ë¯ÍRÎ�Ì9Ê Ï¢Ð*ÁYÑmÒYÓ{ÍPÑmË¯Ï�À
ωQ(α)

ÎPÁYÑ^À{Ï¢ÑmÔ
δ(α) Õ
u
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	N�:£l�
V

�J¡E U§/�:�J§���°:¨:�¢£m­���­%¨�¥ 
9­����¢£Yª��3  ¬   Gn
m ¤ ¬ ­��i¡3£Y �§F�J�h�#¡� %  ¦��� �¡3§F£Y�:¡ y��9y ¥1�����:®�£Yª��3 

K ¬   Q ¤ £�¡6�� ¢�¢§/  y �l£m�:¡ ¬�� � � «  ¢�¢§F�#� | ¨ y  �§ ¬   Gn
m ¬ ­��i¡3£Y �§�§F�J�

K
 /� ¬   ¬  �
�� ­(¨:� « ¥¯�#§ ω

z
� ¥1�:�¢§�£�¥i F¦:£©§¢�� (�#¡�  y �:¡�§¢��¨:¡6�� 

c′(n) > 0 �  ��f  y �l£©°� ¢®B �¡3� y ¨�¥ y �#¥-¨���¥1 ����� �¥©¥- 
ª��3 �¥ � �:¡�¨:£l� ¤D« �:�J�(���:�#�
α ∈ V

¡ � ¨ «9« ¨:���� ¢¡E¨:¡6���?¨:� y �#¡� %§��:�#§��m°�¨:�¢£Y­/��­ ¬  %���:�¢§F£Y�:¡�� ¬   V
±

h(α) ≥ c′(n)

ω
(log(3[K : Q]ω))−κ(n) ,

�! 
κ(n) := 2n(n + 1)!n − 1

z
o=&/8
�:)FKL!��"����KL!NC !��p4E�",-�9�

α
&/�R��b�$/�J��) 0��"����2'&/��8%!�.`� ,143.-,1${�:� ,`X9&/85&'�9��,-��0�2/4E&/��06�:�L� &/���+,i&����+&'!�.-&�W

85&/�L���/C ,-.M�NC¯�:4�46�:)+� ,1&'�9�5bp��!�$/!��3&?�+�"!��RWYX��:) ,-2�� 2�0�&B� ��) �+,-��� 0�&
Gn

m
; ��!3KL!�&'.H${���(.1&?� A�2/��) t/85&pu?���"!��

0��"���3&�.-��85,1�3�:)F�:� ,-�"� T
h(α) ≥ c(n)

ωQ(α)
(log(3ωQ(α)))

−κ(n)
;

$"C &'�R�e4�) 2/$',1�+2'8�&'�9�f.1&�) 2/�+!�.1�F�:�=�:S3� &/�L!c03������v wh8�Wm����"*x \
gh�:�+) &�4�) ,-��$/,146��.D) 2'�+!�.1�F�*�h&'�R�f.1&%�+!�,`X"���9� ; ���3��.-��7"!�&%0�!c� A�2/��) t'8�&Bu��$#�.lC &�%J4E�"� ���9�h0�!

log
k
κ(2) =

143
n^&/�R���+&'���+,`S6.1&'8�&'�9����852/.-,-�:) 2 \ �U&�46.1!�� ; $'�"�9�+)F��,`) &'8�&'�9�ibf$'&H0�&/) ��,-&�) ; ,-.J&/�R��$'�"8(46.1t/� &/85&/�9�i&�%J43.-,1$',`� & T
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V

�J¡E  y �:�#�)�   ¬   G2
m ¬ ­���¡3£m B§F�J�

Q
 /�

Q
�m£��¢� ­ ¬ � y �l£��/¥1  ¬   ¬  �
:�F­ ω

ª��J£=¡� B§/�:£��
« ¨:§ ¬  ����:�¢§ £m�:¡ ¤  ���§/�:£l�

α ∈ V \ (G2
m) *,+.-�/F¤ �:¡�¨�±

h(α) ≥ 1, 2 · 10−16

ω

(

log log ω′
)11

(

log ω′
)13

�! 
ω′ := max{ω, 16} z

gh�:� �"����KL!NC ,-$/,i.YC A9_J4E��� A�t/�+&p²
α ∈ V

�NC¯�:4�46�:)+� &/�3���9�%bc�:!3$/!���&5�+�"!��RWYX"�*) ,-2�� 250�&�� ��) �+,-����0�&
V ³ �+&

) 2'0�!�,1�hb ²
α

���"��0�&�� ��) �+,-�"� ³ ; A9_J4E��� A�t'�+&�8�,-��,-8
�:.-&�43!3,1� KL!�&�.1&'�e4E�",-�9� �=0�&�� ��) �+,1�"�c�+�"�9�f4�) 2/$',1�+2'8�&'�9�
.-&/�e4E�",1�L� �e0�&�A3��!#� &/!�)=�L!�.-.1& \

0 \21 �hµ^��µ�¹'µq&��43 \ �65$7^»98 85�"�9�+) &'�9�j03������v wh8(Wm���*xDKL!�&h�+,
α ∈ Gn

m

&'�R�j!��B4N��,-�9�eb%$'�J�:) 03���3��2/&'�
8%!�.1� ,`46.1,-$'�:� ,1X"&'85&/�9�f,1�30�2�4E&'��03���9� &'� ; ��.1��) �=,1.D&:%#,1�R� &�!���&�$'�"���R�F���9� &

C(n)
� &/.-.-&�KL!�& T

(h(α1) . . . h(αn))
1/n ≥ C(n)1/n

D1/n
(log 3D)−κ(n),

k;"9n
�<#

D := [Q(α) : Q]
&��

κ(n)
&'�R��.-��85V/85&BK9!6�:�L� ,`� 2BK9!3&503������.1&5� A�2/��) t'8�&cu \�= ��&5��S3�+&/)+X��:� ,1�"��03&

>j,-.1!Ik�X9�",1)�v >j,1x�nH85t/�3&�b(.@��85,-����)F�:� ,1�"� T
(h(α1) . . . h(αn))1/n ≥ C(2)1/2

D1/2
(log 3D)−κ(2).

? Ï¢À
¿�@A@�ÎRÉ¯É¯ÎPÒY¿�ÁmÏ¢Ó*Á�BDC ¿�ÒYË¯ÔPÑmÔfÌ{ÎfÑmÏ�ÒYÁmË¯Ï¢À
Ó{À*ÎhÒYÔRÓ*À*Ë¯Ï¢À
Ì*ÎhÑmÒY¿¢À*ÁmÉ¯¿FÑmÔRÁHÌ*ÎhÁYÏ�Ó*ÁEB,F¢ÒYÏ�ÓA@�ÎRÁM¿¢ÉGF�ÔRÐ*ÒYËGH/Ó*ÎRÁHÌ*Î
Gn

m

@*¿¢ÒMÌ*ÎRÁ
@�Ï�Ë¯À�ÑmÁ^Ì{Î�ÑmÏ�ÒYÁmË¯Ï¢À Õ

"



] �c&�sE&/� ; �+,^.YC �"� �*4343.1,@KL!�&�.YC ,-��2/79��.-,`� 2Bk;"9nH&/�c0�,-85&/���+,-�"� "%4E�"!#)
(α1, α2), . . . , (αn−1, αn)

&��
(αn, α1)

;�"�c��S�� ,1&'�9� T
(

n
∏

i=1

h(αi)

)1/n

≥ C(2)1/2

D1/2
(log 3D)−κ(2).

��&U� A�2'�:) t'85& "(���"!��e4E&�) 85&��=0DC &:%L46.1,-$/,1� &�)=.@��$/�"���R�F���9� &
C(2)

&��e0DC ��852/.-,1��) &/)=.YC &:%J4E�"� �:�L�
κ(2) T

�����{� ������� �*���
	l�
	N�:£Y �¡6�
α ∈ Gn

m

 /�
σ

�J¡E  «  ��¢®(����¨��l£Y�:¡ ¬   {1, . . . , n} �� �¥©¥1 �ª��3  ¤�« �:�J�5���:���
i ¬ ¨:¡�§

{1, . . . , n} ¤ ¥1 ¢§ y �{�:� ¬ �:¡3¡E­F ¢§ αi
 ��

ασ(i)

§/�:£m ¢¡6��®��#¥��l£ « ¥¯£ y ¨��l£�°� ¢®B ¢¡6�H£©¡ ¬ ­ «  �¡ ¬ ¨:¡6�� �§ ¤ ¨�¥1�:�¢§%±

(h(α1) . . . h(αn))1/n ≥ 2 · 10−21

D1/2
(log 3D)−13,

�! 
D := [Q(α) : Q]

z

�Ut/�5KL!�&?.YC �"� < %#&?!3� &'�9� ,-&�)
n ≥ 3 ; $'&B) 2'�+!�.`�F�:�5&/�R��85�",1�3�(SE�"� KL!�&qk;"9n�.-��) � K9!3&

D
&/�R��7�)F����0 ;��2{����85��,-����,-.9&/�R�^S3,-&/��85&/,-.1.-&/!#)�4E�"!#)�.-&/�^4E&�� ,1� &/�DX"�:.-&/!�) �D03&

D
k�)F�:4�4N&/.-���3��KL!�&

κ(n) := 2n(n+1)!n−1
n ;0�&�43.-!��=,-.N&'�R�=&'�9� ,1t/) &/85&/�L�=&�%J43.-,1$',`� &�&��=.-&/�=$/�"��03,`� ,-�"���e�+!�)

α
�+�"�9�=!3��4N&/!�43.-!��=Ql��,`S6.1&'� \

� �����J�*� � ���q�#���
��	�� &�� ,-&/�3�5bp) &/85&/) $/,-&�) 0�)F����$'&/�+$/�Iwh8���) �"�+�q4E�"!#)
.YC ��,-0�&�&/�5.-&��+�"!#� ,-&/�>KL!NC ,1.e8�C �
�:4�4E��)+� 2'�N� �"!#����!�.-�"��7e03&i$'&��+)F�'X���,-. \ � &iX9��!30#)F��,1��2/79��.1&'8�&'�9�D� �"!#�D4��*)+� ,-$/!3.1,-t�) &'8�&'�9�D) &'8�&/) $/,-&�)�06&/0�&/) ,1$'�
��&/.-.@�*) ,-�B4E�"!#)M.-&/�H.-&/$�� !�) &/���+) t'�H�+�",17"��2'&/�jK9!DC ,-.���43!?Q���,1) &=�+!�)M0�&'��X9&�) �+,-���3��4�) 2'.1,-85,1�6�:,1) &/�M0�&h$/&=�+)F�'X���,1. ;��,-���+,^KL!�&�.-&/�=���"8�S�) &/! %�$/�"���+&',1.-�=&��e) &/8
�:)FKL!�&/�fKL!NC ,1.^�(43!c8�&�03���3��&�)=46�:)=.-�5�+!�,1� &�b�$/&��+!:OP&/� \
��� �

�������� 	������� ��!�e��"#�

�������H.1&f46�:)F��7:)F�:43A3& ¼+¼+¼ �"�B032�X9&/.-��4�4E&f.-&/�H�"!#� ,-.-�H0NC !3��&f0�2'85���3�R�+)F�*� ,-�"�B0�&f�+)F�:�3�+$/&/�303����$/&�kl.1&'8�85&
0�& 3J,1&'7�&'. ; &�%J�+)F�:4E�".-�:� ,-���En%&�����!>46�:)F�:7�)F�:43A�& ¼%$(; �"� 85�"�9�+) &�0�&'�
85,-����)F�*� ,-�"���B&:%L46.1,-$/,1� &/�
4E�"!#)?.1&'�
$'��!�)+SE&/���3���(0�&H� �:) �+,-�"�%0�&

G2
m

&���0�&/��4N��,-�9� ��0�&
Gm

\ ���f032/85�"���R�+)F�:� ,1�"�%03!�� A�2'�:) t'85&�"fbe4�) ��4�) &'8�&'�9�
46�:) .-&�)
&/�R�
.YC ��S�OP&/�50�!�46�:)F��7:)F�:43A3& $(\ ���q�R�+)F�*� 2'7",1&�&/�R�
.@�p�+!�,1X����9� & T 46�:)
.lC¯�:S3�+!#) 0�&c�"���+!#4�4N���+&c.@�
A3��!#� &'!#)M0�&

α
4E&/� ,`� & ; �"�
4E&/!��j�:.-��) �H$/�"���R�+) !�,1) &h!��
4N��.1_#��a"85&f�/C¯�:�3�L!�.@�:�L�j�+!#)

V
�'X9&/$h8�!3.`� ,143.-,1$',`� 2 ; 0�&0�&'7�) 25&���03&
A3��!#� &/!#)�$'�"�9�+) a".12'��X#,@��!3��.-&/8585&
0�& 3L,1&'7"&/.fk�4�) ��4E�"�+,1� ,1�"� ¼+¼+¼F\ & n \D] ���+!3,`� &
�"��&:%L�+)F�:4E�".-&

03�����h.-&�46�:)F��7:)F�:43A3& $(\ "5&'��85�"�9�+)F���9� ; 7:)('�$'&%bB.-�543) �:4N���+,1� ,-��� ¼+¼+¼F\*)L; KL!�&%$/&�4E�".`_#��a"85&%�/C �����J!�.1&(�+!#)
.-&/�e43!�,-�+� ����$/&'�

αpq ; �<# p
&/�

q
4��*) $'�"!#) &/�9�f0�&'�e&/���+&'8�S6.1&'�=0�&�4�) &'8�,-&�) � P1

&/� P2
\gh��!3�i) &�4�) &'���"������!�46�:)F��7:)F�:43A3& $(\�~ .-&e.1&'858�&=0�&�+'2�) �"�i03&�v wh8�Wm��� ~ x�k�� A�2/��) t/85&4" \*) n r ���"!�����S�� &/W

���"���h��,-���+,^!���&��+!�,`� &�0�2'$�) �",1�+� ���9� &
Y1 ⊇ Y2 ⊇ Y3

0�&��+�"!��RWYX"�:) ,12/� 2/�=0�&
G2

m

$/�"�9� &/�6�:�L�f0�&/�=43!�,-�+� �:�3$/&/�
αpq 0�&

α \ �U&'!�%%0�&e$/&'��X��:) ,-2�� 2'��2��F���9��0�&j85V/85&j0�,-85&/���+,-�"� ; �"����S�� ,-&/�9��!���&e�+��!3�RWYX��:) ,12/� 2j�:S6�R�+) !�$��+) ,-$/&
Z ; $/�"8�4E�"� ���9� &

Q
Wm,`)+) 2'0�!�$/� ,`S3.-&�0�&

Y3
�"!

Y2
$/�"�9� &/�6�:�L�=!��3&�43!3,1�+� ����$'&

α` 03&
α

&/�=03���L�=�"�c$'�"�9�+) a".1&
.-&�0�&'7�) 2 \ �U&'!�%?${�:�=�+&�4�) 2'�+&/�9� &'�9�f��.1��) � \3L,�.-��X"�*) ,-2�� 2
��S3�R�+) !3$��+) ,-$/&

Z
&/�R�%0�&B0�,185&'���+,1�"�

0
k�46�:)F�:7�)F�:43A�& $(\�~L\ u*n ; ��.1��) �

Z
&'�R�%�+,18�43.-&/85&'�9�

.YC !3��,1�"��0�&'�=$/�"�:OR!�7"!�2'�=0�&
α \ } �"8585&�,-$/,

` = 1 ; �"���:)+) ,`X9& ; 7�)('�$/&��3�:�F��8585&/�9�Ub5.lC ,1�32/79��.1,1� 2BkRu*n ; b�!��
&'��$'��0#) &'8�&'�9�f0�!��Ç_J4E& T

Card(P2)ωQ(α)2 � Card(P2) deg(Z) � (log ωQ(α))aωQ(α)2

~



��,-���+, ; 0�&�46�:)=���"�e$¢A��", %�0�&U4��*)F��85t��+) &'� ; �"�c�:)+) ,`X9&�b�!���&�$'�"�9�+)F��0�,1$/� ,1�"� \�������f.-&�$'���h�$#�.@�5X"�*) ,-2�� 2���S3�R�+) !�$/�+) ,1$'&
Z

&/�R�h0�&%0�,-8�&'���+,-���
1

k�46�:)F��7�)F�*46A�& $(\�~L\ "9n ; .@�543!�,-�+� ����$/&
`
&'�R�f�%43) ,1��) ,D0�,1sE2/) &/�9� &�0�&

1 \�� ��4E&/!#�=��S�� &'��,1)=.lC &/��${��0#) &/85&/�L� T
Card(P1)ωQ(α`) � Card(P1) deg(Z) � (log ωQ(α))bωQ(α)

��,-���+,=.YC ,-��0�,-$/&�0NC ��S3�R�+) !3$�� ,-��� 0�&
α` &/�R�
�+) t/�54E&�� ,1�54��*)
)F�:4�4N�:)+�?b�$/&/.-!�,

α \ } &/$',e�NC 2��F���9�54��:�B�+!#d5W
� ���9�f4E�"!#)f$'�"��$/.-!#) & ; 03�����%v wh8�Wm��� ~ x�.1&'�h�:!�� &/!#) �f!#� ,-.1,-�+&/�L�f!�� �:) 7"!�85&/�9�h0�&�0�&/�+$'&/�9� &�4E�"!#)U�:)+) ,`X9&/)hb
!��3&�$'�"�9�+)F��0�,1$/� ,1�"� \�¼ $/,������+) &�0�2/85�"���R�+)F�:� ,-����03,`sEt/) & r 03&/�h�:) 7"!�85&/�L� �=43.-!��f�+,-8�43.-&/�h���"!��h0��"����&/�L�h0�&
85&/,-.-.1&'!#) �j) 2/�+!�.1�F�:� � \�� ���+)F�'X���,-.1.-&��/X9&'$U.@�(A3��!#� &'!#)=����) 8
��.1,-�+2/& r �"��8
�*OR��) &�$'&/.-.1&�0�&

Z
&/��Q����3$�� ,-����0�&

.@��A3��!#� &'!#)=0�&������+) &�Q����3$�� ,-�����:! %J,-.-,-��,1) &
F ; �+!#)f.@��KL!�&'.1.-&��"�c�5!���SE�"��$/�"�9�+) a".-& T

Card(P1)
2ĥ(Z) � h(F ).

3L,
Z

�NC &/�R�U46���U!��3&($/�"!#)+SE&(0�&%� ��) �+,1�"� ; �"�q�:)+) ,`X9&�bB!���&($'�"�9�+)F��0�,1$/� ,1�"�p&/�p!#� ,-.-,1� ���9��!���&(85,-����)F�*� ,-�"�
&:%L46.1,-$/,1� &e0�&

ĥ(Z)
k�4�) ��4E�"�+,1� ,1�"� ¼%$(\ u*n \ ���:�3��.1&=$'����$'�"�9�+)F��,`) & ; �"�5�+&e)F�:85t'��&e03������.1&e.-&/8585& $(\¯~ b�!���&

2/� !�0�&�&'��0�,-85&/���+,-�"�
1 ; ��!3KL!�&/.D$'��� ; °{£m¨ .-��4�) ��4E�"�+,`� ,-�"� ¼%$(\¯~J; �"����S�� ,-&/�L�=!���&�85,1�3�:)F�:� ,-�"��03&

h(α) \

���^� � ���D���F�!�U���  ��!���/��� �����%���!���H�
���	��

� ������������������������������ "!#!���$
��


��������$/&j46�:)F��7:)F�:43A3&
V

0�2/�+,-7"��&e!3��&e�+�"!��RWYX��:) ,-2�� 2e0�&
Gn

m

,`)+) 2'0�!�$/� ,`S3.-&e�+!#)��+�"�5$/��)+43��0�&e0�2/<3��,1� ,1�"� \gh�"!��e��.1.-�"���jX9�",`)=KL!�&h4E�"!#)j� �"!#�j�3��8�S�) &U4�) &'85,1&/)
p

� ��!�QD4N��!�)e$/&/)+�F��,1���e�:4�46�:)+� &/�6�:�L�eb(!���&/���+&'8�S3.1&
&:%J$'&�4�� ,-�"����&'.

Ecc(V ) ; ,1�9�+) �J0�!�,1�U03������v wh8�Wm���:x ; .-�BX��:) ,12/� 2
[p]V

�?!�� SE�"� $'�"8(4N�:)+� &'85&/�9� ; 06�:�3�h!��
�+&'���=KL!�&����"!��f��.-.1�"���e4�) 2/$',1�+&/) \

% �'& � � � � �E� � �
�
	l�)(H¡p¡E���� 
W1, . . . , Wk

¥1 �§ y �:® « �:§/¨:¡6�� ¢§ Q
�m£��¢� ­ ¬ � y �l£;��¥1 �§ ¬   V ¤ �:¡ « �:§� (±

Ecc(V ) :=
{

l ∈ Z | ∃i, j, i < j ; [l](Wi) = [l]Wj)
}

⋃
{

l ∈ Z | ∃i ; deg([l]Wi) < deg(Wi)
}

.

���
43) �:4N���+,1� ,-���'" \ & 0�&�v wh8�Wm���:x�0��"����&(0�&'�U,-��Q©��) 8
�:� ,1�"���U�+!#)�$'&��U&'���+&/8�S3.-& r ���"!��U&/� )F�:4�4E&/.-�"���
KL!�&'.-KL!�&'�j4�) ��4�) ,12/� 2/� \
* �*��+���� � � � �E� � �
�
	l�-,��:�#§�¨:°:�:¡3§

Card (Ecc(V ) ∩ {p « �F ¢®�£Y �� }) ≤ dim(V ) + 1

log 2
log
(

deg(V )
)

.

.   « ¥¯�J§ ¤ §F£
Λ

 ¢§¢���#¡I ¢¡3§/ ¢® �/¥1  �i¡3£ ¬  �¡E�:® ���  �§ « �  �®(£m ¢�¢§% ���§F£
V

¡ �  ¢§¢� « ¨:§ ¬  ����:�¢§F£m�:¡ ¤ ¨�¥1�:�¢§�±

deg
(

⋃

p∈Λ

[p]V
)

≥ Card (Λ \ Ecc(V )) × deg(V ).

&



gh��!3�f!#� ,-.1,-�+&�) �"���h06�:�3�h.-�
�+!3,`� &%$/&/�+� &�43) �:4N���+,1� ,-���p03�����h.1&%$'���h�<#
Λ

&/�R�h.YC &/���+&'8�S6.1&(0�&/�f4�) &/85,-&�) �
03�����

[N/2, N ] ; 4N��!�)=!��c$/&�)+�F��,-��46�:)F��85t��+) &
N ; 0NC �<#c.-����2'$/&/�+�+,1� 2�0�!c.-&/8585&��+!�,1X����9� T

� ��� �q� � �
�
	,& �=�:�J�����:����� ­F �¥
x

�:¡ ¡E���� 
π(x)

¥1 �¡E�:® ���   ¬   « �  �®�£Y ��¢§B£�¡ | ­��¢£Y ��J�¢§c�:� ­�
L¨:�9¦ �
x
z

�=�:�J�
N ≥ 41

�:¡I¨
π(N) − π(N/2) ≥ 0, 41

N

log N
.

���3�fµ��^¹���� 5���»�µ��	� ��&U� A�2'�:) t'85&�u�0�&5v o=��W�3L$/x^���"!��=0��"���3& T
∀x ≥ 59,

x

log x
+

3x

2(log x)2
≥ π(x) >

x

log x
+

x

2(log x)2
,

�+,D�"�c����� &
cN := log(N/2)/ log(N)

�"�c&/��032/0�!�,1� T
π(N) − π(N/2) >

N

log N
+

N

2(log N)2
−
(

N

2cN log N
+

3N

4(cN log N)2

)

=
N

log N

(

1 − 1

2cN
−
( 3

4c2
N

− 1

2

) 1

log N

)

wh,-���+, ; 4E�"!#) N ≥ 5000 ; ���"!����'X9���3�iS3,-&/��.YC ,-��2'7"��.-,`� 2jX9�"!�.-!�&e&���!3��&MX92�) ,1<3${�*� ,-�"�5�L!�852�) ,@KL!�&j4E�"!#)
.-&/�e4E&�� ,1� &/�jX���.-&/!#) �=0�&

N
�3��!3�j4E&/) 85&��=0�&�$/�"��$/.-!#) & \

�

���	��
�
 �  "!#� �	��
#�����  !���� $����  !#������ "!���
 ���
$���� � ��� 


� �5$¢A�&�) $¢A�&=,1$',�!���4N��.1_#��a"85&
F

0�&=0�&/7�) 2 ≤ L
�L!�.3&/�

α
bU!��
�:) 0�) & ≥ T \ 0�, %#�"����03������!��54�) &/85,-&�)

� &'8(46�=KL!�&'.-KL!�&'�e�����F�*� ,-�"��� ; k
032/�+,-7��6�:�L�=!��c$'�:)+46�e0�&����"8�S3) &/� \

� � ���3�:� &/)F�
k[x] := k[x1, . . . , xn] \

� ���"!#)
µ, λ ∈ Nn ; �"��4N���+& T

(

µ

λ

)

:=

(

µ1

λ1

)

· · ·
(

µn

λn

)

.

Dλ :=
1

λ!

∂λ

∂xλ
=

1

λ1! · · ·λn!

∂λ1

∂xλ1
1

· · · ∂λn

∂xλn

2

.

� � ��03,`)F�
K9!3&
α ∈ Q

n &'�R�e)F��$/,-��&�0�&
F ∈ C[x]

0�&�8%!�.1� ,143.1,-$/,1� 2���!c85�",1���
T ∈ N

�+,
∀λ ∈ Nn, λ1 + . . . + λn = |λ| < T =⇒ Dλ(F )(α) = 0.

� � �(����� &�)F�
ωk(α) := min

{

deg(F ) | F ∈ k[x]\{0}, F (α) = 0
} &��

k[x]≤L
.-&

k
Wm&/�R46��$/&MX9&/$/� ��) ,1&'.

0�&'�j4N��.1_#��a"85&/�=0�&�0�&'7�) 2U� ���F��. ≤ L \
� ���"!#)=� ��!�� &U46�:)+� ,-&

S
0�&

Cn �"��4N���+& T
Ek(S, L, T ) :=

{

F ∈ k[x]≤L | ∀β ∈ S, F
�L!�.^&/�

β
�'X9&/$�8�!3.`� ,143.-,1$',`� 2 ≥ T

} � .

½ Ï¢À�¿fÌ{Ï�À*Í
Ek(S, L, T ) = [P(T )]L ∪ {0}

ÁYË
S

ÎRÁlÑiÓ{À*Î CF¿�ÒYË¯ÔÇÑmÔHÎPÑ
P

ÎPÁYÑ�É-Ê Ë¯Ì{ÔR¿�É#Ì*ÎHÌ*Ô��:À{Ë ÑmË¯Ï�À�ÁmÓ{Ò
k
Ì*ÎMÁY¿hÍPÉ��¢ÑmÓ*ÒYÎ

@*ÒYÏ��lÎRÍPÑmË C�Î Õ
�



gh��!3����!#) �"����SE&'�+��,-��03������.-���+!�,`� &50NC &/�3$'��0#) &/85&'�9� �U4E�"!#)�.lC ,-��0�,-$/&50NC �:S6�R�+) !�$�� ,-�"�
ωk(α)

&���4E�"!#)
.@��0�,-85&/���+,-�"�c0�!

k
Wm&'�R46��$/&�X"&'$�� ��) ,-&/.

Ek({α}, L, T ) \

* �*��+�� � � � � � �
�
�
	�� 	N�:£m ¢¡6�
n ∈ N∗ ¤ α ∈ Gn

m

 ��
L, T ∈ N ¤ �:¡I¨?±

� z
dim Ek({α}, L, T ) ≥

(

L−Tωk(α)+n
n

) z
� z

1 ≤ ωQ(α) ≤ n[k(α) : k]1/n z
���3�fµ��^¹���� 5���»�µ��	�

u \ 3L�",1� F ∈ k[x]
�3��� �L!�.=0�&�0�&/7�) 2

ωk(α)
� &/.fK9!3&

F (α) = 0 \ ���"!#)
� �"!#�
H ∈ k[x]

0�&
0�&'7�) 2U,1�3Q©2/) ,1&'!#)j�"!�2/79��.Nb

L− Tωk(α) ; �"���
FT H ∈ Ek(S, L, T ) ; 0�&f46.1!��e.1&U�+�"!��RWm&/�R4��:$'&

X9&/$/� ��) ,1&'.L0�&
k[x]

03&/��4E�".1_#��a"8�&'��03&H0�&/7�) 2 ≤ L−Tωk(α)
&'�R��0�&H03,185&/�3�+,1�"� (L−Tωk(α)+n

n

) ;0NC �<#c.1&�) 2'�+!�.`�F�:� \
" \ ���"�+�"���

ω := [n[k(α) : k]1/n]
&��=$'���3�+,10�2/) �"���=.YC �:4�43.-,-$'�:� ,1�"�c.-,1��2{��,`) & T

k[x]≤ω −→ k(α)

P 7−→ P (α).

o=&'8
�*)FKL!��"����KL!�&
dimk k[x]≤ω =

(

ω+n
n

)

≥ n−n(ω + 1)n \�� )
n−n(ω + 1)n > [k(α) : k] ;$'&��+� &��:4�43.-,1${�:� ,1�"� �NC &/�R�50��"��$�46����,-�:OR&/$�� ,1X9& ; £ z   zi,-.M&:%#,1�R� &

P ∈ k[x]≤ω
���"� �J!�.M� &/.jKL!�&

P (α) = 0 ; 03���3$ ωk(α) ≤ ω ≤ n[k(α) : k]1/n \
�

} ,`Wm0�&'�+�+�"!��
�3��!3�50��"�����"���
.@�pX"&/) �+,1�"�>0�!>.1&'8�85&c0�& 3J,1&'7�&'.=KL!�&����"!��
!#� ,1.-,-�+&�) �"���
03�����
.-�q�+!3,`� &
kY���3��.-��7"!�&�b�.@�(4�) ��4E�"�+,`� ,-�"� " \ u�0�&
v wh8�Wm��� ~ xln \
* �*��+���� � � � �E� � �
�
	�� 	N�:£m ¢¡6�

θ
�J¡�� ­F �¥

> 0
 /�

E ⊂ {α ∈ Gn
m | h(α) ≤ θ} �J¡c ¢¡3§/ �® �/¥1  �i¡�£^¡��:¡�°'£ ¬   z	N�:£m ¢¡6�

k
�J¡ y �:� « § ¬  �¡��:® ���  ¢§� /�

L, T ∈ N
z 	6£

Ek(E, L, T )
 �§F��¡��:¡��F­ ¬ �#£�� � {0} ¤ ¨�¥1�:�¢§h£l¥D F¦:£�§F�� ��J¡

« ��¥ � ¡��:®B 
F ∈ Ek(E, L, T ) ∩ Ok[x]

¡E�:¡p¡3�#¥D�� /¥�ª¢�6 (±

h(F ) ≤ r

N − r

(

(T + n − 1) log(L + 1) + Lθ
)

+ log ck.
k ~ n

�! 
ck :=

{

( 2
π )s
√

|∆k|
}

1
[k:Q] ¤ s

¥- �¡E�:® ���   ¬   « ¥1¨ y  ¢§ y �:® « ¥-  ¦9 �§ ¬   k
 ��

∆k
§/�:¡ ¬ £©§ y �¢£©®�£©¡E¨:¡6� ¤

N := dimk k[x]≤L
 /�

r := dimk k[x]≤L − dimk Ek(E, L, T )
z

���3�fµ��^¹���� 5���»�µ�� � � �U) &/4�) &/�30�,-$/,�4�) ,-��$/,146��.1&'85&/�9��.-&/�N4�) &'!#X9&/�D03&i.@�M4�) ��4E�"�+,`� ,-�"� &�\ "M0�&ev wh8�Wm���:x
&/�e0�!�� A�2'�:) t'85&	�%0�& vG3L�+W $ �:x \ 0�, %J�"���=!�����) 0#) &��+!#)

E
&��e�+!�)

Nn &/�=$/�"���+,-0�2�) �"���=.-��8
�:�+) ,1$'&
A0�&��F��,-.1.-&

Card(E) ·
(

T+n−1
n

)

×
(

L+n
n

) 0�2�<3�3,1&�46�:)

A :=

((

µ

λ

)

αµ−λ

)

)



�<#p.1&'�U.-,17"��&'�5k�) &/�R4E&'$�� ,1X9&/85&/�9�U.-&/�U$/�".-�"����&/�¢n=�+�"�9��,-��0�&:%J2'&/�h46�:)U.-&/��$/�"!#43.-&/�
(α, λ) ; �<# α ∈ E&/�

λ ∈ Nn &/�R��� &/.�K9!3& |λ| ≤ T − 1
k�) &'�R4E&/$/� ,`X9&/85&'�9��46�:)�.-&/��8%!�.1� ,`Wm,-��0�,-$/&'�

µ ∈ Nn � &'.1��KL!�&
|µ| ≤ L

n \ wh!#�+) &'8�&'�9�=0�,1� ; �+,^����4E�"�+&
A := {x ∈ kN , Ax = 0} ,

��.-�:) � A = Ek(E, L, T )
0DC �<#

r =
)F����7

(A) \ 3L�",1� Y
!���&B8
�*�+) ,-$/&

N × (N − r)
bc$'�J&�d
$/,-&/�9� �

03�����
k

� &/.-.-&=K9!3& A �+�",`��.YC ,18
��7"&e0�&e.YC¯�*4343.1,-$'�:� ,-�"�
k
Wm.1,-��2'��,1) &=0�2/<3��,-&j46�:)

Y \ } �"8�85&
Ek(E, L, T )&'�R�f���"��) 2'0�!�,1�hb {0} ; �"� ��)F�:�37

(Y ) = N − r < N r .-&�� A32/��) t/85&���0�&
v >j��W $ �*x��:4�43.-,@K9!32%b
Y85�"�9�+) &(��.-��) �hKL!NC ,1.�&:%J,-�R� &

N − r
X9&'$�� &/!�) �=.-,-��2'��,1) &/85&/�9�U,-��0�2/4E&/�303���9� �

u1, . . . ,uN−r
03&

kN−r� &'.1�=KL!�& ; �+,N.YC ����4E�"�+&
Fi := Y ui

; 4E�"!#) i = 1, . . . , N − r ; �"�c��,1�
Fi ∈ ON

k

4E�"!#)=� ��!��
i
&�� T

N−r
∑

j=1

h(Fj) ≤ log H(Y ) + (N − r) log ck = log H(A) + (N − r) log ck ,

�<#
H(A)

&'�R��.@��A3��!#� &/!�)�kl���"� .1�"79�:) ,`� A�85,@KL!�&*n
0�! �+�"!��RWm&'�R46��$/& A &/�
H(Y )

.@��A3��!#� &'!#)�0�!
�+�"!��RWm&'�R46��$/&�&/��7"&/�30#) 2U46�:)f�+&/�=.1,-7"��&/�%kl0�2/<3��,-&/�e4 \ &���� 03&5v 39�+W $ �:xln \
o=&'8
�*)FKL!��"����K9!3&

(F1, . . . , FN−r)
&'�R�B!��3&�!���&cS6���+&�0�& A ; &/�>46�:)+� ,1$'!�.1,-&�)?,-.=&�%#,-�R� &

F
03�����

A ∩ON
k

���"�c�L!�.D� &/.^K9!3&
(N − r)h(F ) ≤ log H(A) + (N − r) log ck,

k & n
���"!��f��.1.-�"���=85�"�9�+) &�)fKL!�&�$/&

F
X"2/) ,`<6&�S3,1&'�Ik ~ n \

3L�",1�
F

.@��$/.-a�� !#) &�79�:.-�",1�+,-&/�3��&�03&
k(E)/k ; $/�"���+,-0�2�) �"���f.-�585�:�+) ,-$/& T

B :=









σ1A\\\
σRA









�<#c.1&'�
σi

�+�"�9�f.-&/�=2/.-2/85&/�9� �e03&��U�:.
(F/k) ; &��e4E�"�+�"��� T
B := {y ∈ F | By = 0}.

� �c�5��.-�:) �
dimF(B) = dimk(A)

&/�
H(A) = H(B)

k�X9�",1)�vG39�+W $ �:x ; k;" \¯~ u*n�46��7"& ��� ) n \
3L�",1�

B̃
!���&(�+��!3�RWm85�:�+) ,-$/&(0�&

B
0�&%)F����7?8
�!%J,-8
��.Mk

B̃
&/�R�U!��3&(85�:�+) ,-$/&

r ×
(

L+n
n

) 0�&�)F����7
r
n ;46�:)f.1&�4�) ,-��$/,14E&�03&�0�!3��.1,1� 2 ; k�X9�",`)�v 39�+W $ �*x^4 \ ����� ; k;" \ "9n+n ; �"��� T

H(A) = H(B) = H(B̃).

] ��8
�*OR�:)F���9�
H(B̃)

4��*)h.-&�4�) �J0�!�,1�h0�&/�hA3��!#� &/!�) �=03&��+&/�h.1,-7"��&/��kl,1��2'79�:.-,1� 2�0�&	�U�:06�:8
�:) 0 ; X9�",`)v >j�:W $ �:x ; 2'KL!3�:� ,-�"�Ik;" \ ) n+n ; ���c�:S3� ,1&'�9� T
log H(B̃) ≤ r log max

{

H(b(α,λ)) | α ∈ E
&�� |λ| ≤ T − 1

}

,
k � n

�<#c.1&'�
b(α,λ) 0�2'�+,17"��&'�9�=.-&/�=.-,17"��&'�e0�&

B̃ T
b(α,λ) = (b(α,λ)

µ )|µ|≤L =

((

µ

λ

)

αµ−λ

)

|µ|≤L

.

�



3L�",1�
(α, λ)

!��c8%!�.1� ,`Wm,-��0�,-$/&�) 2'��.-,1� ���9�f$/&�8
�A%#,-8%!�8 k |λ| ≤ T − 1
n ; �"��� T

(

∑

|µ|≤L

(

µ

λ

)2
)

1
2 ≤

∑

|µ|≤L

(

µ

λ

)

=

L
∑

µ1=1

· · ·
L
∑

µn=1

(

µ1

λ1

)(

µn

λn

)

=

(

L + 1

λ1 + 1

)

· · ·
(

L + 1

λn + 1

)

≤ (L + 1)T+n−1

�<#c.lC �"���(!�� ,1.-,1�+2 ∑L
µ=1

(

µ
λ

)

=
(

L+1
λ+1

)

≤ (L + 1)λ+1.gh��� �"���
d

.1&(03&/7�) 2(0�&
F

�+!#)
Q ; &'�p!#� ,1.-,-� �:�L��$/&/�+� &�,-��2'7"��.-,`� 2(�3��!3�h�+) �"!#X9���3� ; 4E�"!#)U� ��!�� &�43.@��$/&

�:) $FA3,1852/03,1&'����&
v ∈ Mk

;

Hv(b(α,λ))d =
(

∑

|µ|≤L

|b(α,λ)
µ |2v

)
dv
2 ≤ (L + 1)(T+n−1)dv max

{

1, |α1|v, . . . , |αn|v
}Ldv .

���"!#)
v ∈ Mk

!�.1�+)F��852��+) ,@K9!3& ; ���c�:S3� ,1&'�9� T
Hv(b(α,λ))d = max

|µ|≤L
|b(α,λ)

µ |dv
v ≤ max

{

1, |α1|v, . . . , |αn|v
}Ldv .

] �cQ���,-� ���9�=.-&U43) �L03!�,`�=�+!�)e� �"!#� &'�e.1&'�j43.@��$/&'�e���c��S�� ,-&/�9� T
H(b(α,λ))d ≤ (L + 1)(T+n−1)

P

v|∞ dvH(α)Ld

d log
(

H(b(α,λ))
)

≤ d(T + n − 1) log(L + 1) + dLh(α) ,

0NC �<# ; &'��) &/4�) &/�6�:�L�=.lC ,1�32/79��.1,1� 2
k � n
log H(B̃) ≤ r

(

(T + n − 1) log(L + 1) + Lθ
)

,

0��"��$Bk & nH0�&�X#,-&/�9� T
h(F ) ≤ 1

N − r
log H(B̃) + log ck

≤ r

N − r
·
(

(T + n − 1) log(L + 1) + Lθ
)

+ log ck.
�

�������e.@���+!�,1� & ; �"�c!#� ,-.1,-�+&�)F��$/&/�+� &U4�) ��4E�"�+,`� ,-�"��06�:�3�e.-&�$'���
n = 2 T

�����{� ������� �*���
�
�
	�� 	N�:£Y �¡6�
α ∈ G2

m ¤ T ∈ N∗ ¤ D
¥1  ¬  �
:� ­ ¬   Q(α)

§F�J�
Q ¤  ��

ω ≥ ωQ(α)
z

	6£
L = min{ 2ωT 2,

[

(TD)1/2(T + 1)
]

} ¤ ¨�¥1�:�¢§�£l¥H F¦:£�§¢�� 
�#¡ « ��¥ � ¡��:®B 
F ∈ EQ({α}, L, T ) ∩ Z[x]¡E�:¡p¡3�#¥D�� /¥�ª¢�6 (±

h(F ) ≤ 1

T − 1

(

(T + 1) log(L + 1) + Lh(α)
)

.

���3�fµ��^¹���� 5���»�µ��	� } �"8585&
D1/2 ≥ 1

2ωQ(α) ; �����
L ≥ 1

2ωQ(α)(T + 1)T 1/2 ≥ ωQ(α)T ; &/�46�:)+� ,-$/!�.-,-&�)
EQ({α}, L, T )

�DC &'�R�U4��:�U) 2'0�!�,1��b {0} ; 0DC �:4�) t'�U.@�B4�) ��4E�"�+,1� ,1�"� ¼+¼+¼F\�~L\ } �"���+,-0�2�) �"���
.-&U4E�".1_#��a"8�&

F
03���3��2�46�:)=.-��4�) ��4E�"�+,`� ,-�"� ¼+¼+¼F\ &�; �"��� T

h(F ) ≤ r

N − r

(

(T + 1) log(L + 1) + Lh(α)
)

,

�



�<#
r := dim Q[x]≤L − dimQ EQ({α}, L, T )

&��
N := dim Q[x]≤L

\
� �c� ; �+, L = 2ωT 2 T

r

N − r
≤

(

L+2
2

)

(

L−ωT+2
2

) − 1 =
L + 1

L − ωT + 1
× L + 2

L − ωT + 2
− 1

≤
(

L

L − ωT

)2

− 1 =

(

2T

2T − 1

)2

− 1 ≤ 1

T − 1
.

3L,-���"� ; �+, L =
[

(TD)1/2(T + 1)
] T

r

N − r
≤

(

T+1
2

)

D
(

L+2
2

)

−
(

T+1
2

)

D
=

T (T + 1)D

(L + 1)(L + 2) − T (T + 1)D

≤ T (T + 1)D

(T + 1)2TD − T (T + 1)D
=

1

T
≤ 1

T − 1
.

�

���	��
�� � � �	� � �  "$�� ���� "!

gh��!3�=�:.-.-���3�e!#� ,1.-,-�+&�)=.-&�.-&/8585&U$'.1&'Q�0�&����:S3) ���M�".-�R[#,�k y{z |/zDv �U��x�nH03�����e.-&�$'��0#) &�43.1!3�e.-�:) 7"&�0�&U4E�".1_JW
��a"85&/�eb�43.-!��+,-&/!#) �jX��:) ,@�*S6.1&'�jb%$/�J&�d
$',1&'�9� �M03�����j!����:�3��&'��!�0NC &/�9� ,-&�) �j0NC !���&U&�%J� &'���+,1�"��$�_#$/.-��� ��85,@KL!�&
0�&

Q \ 3L�",1&'�9� k/Q
!���&M&�%J� &/���+,-�"�(79�:.-�",1�+,-&/�3��& ; p !��(�3��8�S�) &M4�) &'85,1&/)����"�%)F��8�,1<32M06�:�3�

k
&/�

Q
!��(,-0�2{�:.

4�) &'85,1&/)j0�& Ok
� &'.EKL!�&

Q|p \ 3L,E.lC &�%J� &/�3�+,1�"� k/Q
&'�R�e�:SE2/.-,1&'����& ; ��.-��) �M.lC¯��!#� �"85�:)+46A�,1�+85&�0�& 0�) ��SE2'��,1!3�

���+�+�J$/,-2
φQ,p ∈ �U��.

(k/Q)
��&�0�2/4E&/��0�K9!3&�0�&

p
&��=�"��.-&������ &�)F�

φp r �"���
∀α ∈ Ok, φp(α) ≡ αp mod pOk.

��������� �"!#�i$/&M46�:)F��7:)F�:43A3& ; �"���+!#4�4N���+&/)F�
k/Q

���^� � �3�{� � ��� �^� &��i�"������� &�)F�
∆k

�+�"��03,1�+$/) ,185,-�3���9� \�U&546.1!��
α

032/�+,-7��3&�)F�c!��I2/.-2/85&'�9��03&
Gn

m
; F

.@��$'.1a�� !#) &
79��.1�",-�+,1&'����&B0�&
k(α) ; &��

L, T
03&/!�%�&/�9� ,-&�) �

�3�:� !#) &'.1� \ �^&U) 2'�+!�.1�F�*�fKL!�,D�+!�,1�=$'��)+) &/�R4E�"��0���!�� A�2'�:) t'85& " \ "(0�&
v wh8�Wm��� ~ x T
����� ��������� � 	N�:£l�

F ∈ Ek({α}, L, T ) ∩ Ok[x] 	�« �:�#�B���:�#�h¡E�:® �¢�F  « �  �®(£m ¢�
p - ∆k

 �� « �:�J�B���:���
v ∈ MF ¬ £�°'£�§/¨:¡3� p ¤ �:¡I¨
¥-¨
®
¨�
'�:� ¨��l£m�:¡

|Fφp(αp)|v ≤ p−T |F |v max{1, |α1|v, . . . , |αn|v}pL,

�! �¥ � �:¡I¨
¡�����­
αp = (αp

1, . . . , α
p
n).

* �*��+���� � � � �E� � �
�
	
� 	N�:£l�
F ∈ Ek({α}, L, T ) ∩ Ok[x]

z �=�:�#�%���:���M¡��:® ���   « �  �®�£Y ��
p - ∆k ¤ ¥1  « ��¥ � �¡��:®B 

Fφp
 �§¢��¡3�#¥� �¡

αp �
�J¡��:� ¬ �   T1
°�­��¢£ �H¨:¡6�j±

T1

(

log(L + 1) + log p
)

> T log p − h(F ) − pLh(α) − n log(L + 1).

���3�fµ��^¹���� 5���»�µ�� � 3L�",1�
λ ∈ Nn � &/.�KL!�& |λ| = T1

&��
Dλ(F )φp(αp) 6= 0

kl�"�c4N&/!#�h�+!#4�4N���+&/)
T1 < T

n \ 3J��,1� v ∈ MF r �"��0�2'0�!�,1�=0�&�.lC ,-��2/79��.1,1� 2
∑

|µ|≤L

(

µ

λ

)

≤
(

L + 1

λ1 + 1

)

· · ·
(

L + 1

λn + 1

)

≤ (L + 1)|λ|+n

�



&/�=0�&�.YC ,-��2'7"��.-,`� 2�!�.1�+)F�:852/�+) ,-KL!�&�.1&'�e8
�*OR��)F�*� ,-�"��� T
|Dλ(F )φp(αp)|v ≤







|F |v · max{1, |α1|v, . . . , |αn|v}pL �+,
v - ∞ &/�

v - p

(L + 1)|λ|+n|F |v · max{1, |α1|v, . . . , |αn|v}pL �+,
v | ∞

�U&�43.-!�� ; �+, v | p ; .-&�� A�2/��) t/85& ~ 03���3��& T
|Dλ(F )φp(αp)|v ≤ p−(T−|λ|)|F |v max{1, |α1|v, . . . , |αn|v}pL.

� �c� ; 46�:)=.@��Q©��) 8%!�.-&�0�!�4�) �J0�!�,1� T
1 =

∏

v∈MF

|Dλ(F )φp(αp)|[Fv:kv]/[F:k]
v .

] ��46���+� ���9�f��!
log ; &/�=&/��!�� ,1.-,1� ���9�f.-&/�e�+) ��,-�e8
�*OR�:)F�:� ,-�"���e��S�� &'�L!�&'�e$',`Wm0�&'�+�+!��=�"�c��S�� ,1&'�9� T
0 ≤ (|λ| + n) log(L + 1) + h(F ) + pLh(α) − (T − |λ|) log p ,

�+�",1�
|λ|
(

log(L + 1) + log p
)

> T log p − h(F ) − pLh(α) − n log(L + 1).
�

��� � �e� ������� � ���  ��'�/
M�¢� ��� 	�� 
 �e�^� �%������� � �/�����!��������� �
��� 
 � � !�� ���
!� � � ���� "! �  
�� $���� �� 
���� ���

�������qv wh8�Wm����"*x ; 0 \ wh85��) �"�+� &�� 3 \ ���'X#,10 ��S�� ,-&/����&'�9��!���&p85,-����)F�*� ,-�"� 03& .@��A3��!#� &'!#)�0DC !��3&
A9_J4E&/) �+!#) Ql�:$'&j0�&

Gn
m

0�2�<6��,1&e�+!#)
Q

&��
Q
Wm,1)+) 2/0�!�$/� ,`S6.1&=K9!3,#�NC &/�R�i4��:��0�&j� �:) �+,-�"� r 03&M43.-!��������+) &H) 2'�+!�.1�F�*�

4�) ,-��$',`46��.L06�:�3�Mv ��xJ03���3��&H!���&�X9&�) �+,-�"�%&�%J43.-,1$',`� &H0�&�$'&�) 2/�+!3.`�F�:� \ gh�"!���) &�4�) &'���"����$/&/.-!�,1Wm$/,L&'�%��852/.-,1��)F���9�
.@��$'���3�R�F�:�L� &U4E�"!#)

n = 2 ; $'���=KL!�,D���"!��=,1�L� 2�) &/�+�+&�,-$/, \
* �*��+���� � � � �E� �
	 	l�
	N�:£l�

V
�J¡E  y �:�J�)�F  ¬ ­��i¡3£Y �§F�#�

Q
 /�

Q
��£©�¢� ­ ¬ � y �l£;��¥-  ¬   G2

m ¬   ¬  �
�� ­ D
z � ¥1�:�¢§ ¤§F£

V
¡ �  �§F� « ¨:§ ¬  ����:�¢§F£m�:¡ ¤ �:¡�¨

ĥ(V ) ≥ 5−6

(

log log D′

log D′

)3

,

�! ��
D′ := max{16, D} z
gh�:� �"����KL!�&B�+,

P ∈ Z[x1, x2]
&'�R�%,1)+) 2/03!�$�� ,1S3.-&B�+!�)

Z
kl&/�I4��*)+� ,-$/!3.1,-&�)�0�&?$/�"�9� &/�J!

1
n�&��(&/�R��!���&

2{K9!6�*� ,-�"��0�&
V ; �:.-��) � ĥ(V ) = log M(P ) ; �<# M(P )

&'�R�=.-��85&/�+!#) &�03&�
p��A�.1&/)=0�&
P \

3L!#4�4E�"�+�"���h.YC ,-��2'7"��.-,`� 2%Q���!��+�+&�4N��!�)f!3��&�$/�"!#)+SN&
V

0�&�03&/7�) 2
D

032�<3��,-&%�+!#)
Q ; Q

Wm,1)+) 2/03!�$�� ,1S3.-&%KL!�,
��&��+�",`�=46���e03&U� ��) �+,1�"� \ �(C �:4�) t'�e!3��� A32/��) t/85&�0�&(Z�A3����7cv�Z6A�x^�"�c�

µ̂ ����� (V ) ≤ 1
D ĥ(V ) ; ��,-���+, T

µ̂ ����� (V ) <
1

56D

(

log log D′

log D′

)3

.
k ) n

��� Ï�Ó*Á�¿.C�Ï�À*Á�Í��*Ï�Ë¯ÁYËJÌ*Î��jÎPÑYÑmÒYÎ
D′

Ì*¿¢À*Á�É¯Î
log

ÍR¿¢Ò�É¯¿��`Ï¢À*ÍPÑmË¯Ï�À
x 7→

log(x)
log log(x)

ÎPÁYÑ�ÍRÒYÏ¢Ë¯ÁmÁm¿¢À/ÑmÎiÁmÓ*Ò
[16, +∞[ �

ÎPÑ�¿ �:ÀÌ*Î @�Ï�Ó�C�Ï¢Ë¯Ò��jË¯À*Ï�ÒYÎPÒ
log log D′

@*¿�Ò
1
Ì{¿�À*Á^É¯ÎPÁ^ÍP¿�É¯ÍRÓ*É¯Á Õ

u �



� � � ����� � � + � � � � �L�{�{� ���9���Y�E����� � �E� � � � � ������� �*�
� ��4E�"�+&























T :=

[

5
log D′

log log D′

]

L := DT 2

N := 54 (log D′)2

log log D′
.

gh��!3�e!#� ,-.-,1�+&/) ���3�j43.-!��+,-&/!#) �fQ©�",-�e.YC ,-��2'7"��.-,`� 2��+!�,1X����9� & ; X���.-�:S3.-&U4N��!�)e� ��!3�j) 2'&/.-�
a, b, x > 0 T

xa

(log x)b
≥
(ea

b

)b

.
k �"n

gh�:� �"���=KL!�& T
T ≥ [5e] ≥ 13, L ≥ T 2 ≥ 169

&��
N ≥ 54 (ln 16)2

ln ln 16
≥ 4000.

� � � � � 	 	 & (H¡I¨
N/2 ≥ (log D′)1,99  ��

6, 1 log(L + 1) ≤ T log(N/2).

���3�fµ��^¹���� 5���»�µ�� � ����!�)j.-�%4�) &'8�,-t�) &U,-��2/79��.1,1� 2 ; ,-.E�+!#d5�e0NC !#� ,-.1,-�+&�)�k �"n��'X9&/$
(a, b) = (0.01, 1) \���"!#)f.-�5�+&/$/�"��03& ; ����� T

log L

T log(N/2)
≤ log D′

T log(N/2)
+

log T

T

2

log(N/2)
.

�U&�43.-!�� ; $/�"8585&
T ≥ 13 ; .@��4�) &/85,-2�) &�,1��2'79�:.-,1� 2�0�!cQl��,`�f�3��!3�=0��"����&

T log(N/2) ≥ 9, 2 log D′ \wh,-���+, ; 43!�,-� KL!�& N ≥ 4000 T
log L

T log(N/2)
≤ 1

9, 2
+

log 13

13

2

log(2000)
≤ 1

6, 2
.

���"!#)f$/�"��$/.-!#) & ; ,1.D�+!#d5�f0�&U) &'85�:)FKL!�&/)fK9!3&
log(L + 1) ≤ 1, 01 log L ; 0NC �<#�.-&�) 2/�+!�.1�F�:� \

�

] � �:4�46.1,@KL!3���9�(.-�c4�) ��4E�"�+,`� ,-�"� ¼+¼+¼F\ & bc!3��&/���+&'8�S6.1&
<6��,��+!#d
� ��8585&/�9��7�) �"�%0�&54N��,-�9� �%0�&
V

0�&
A3��!#� &'!#) ≤ θ

�<#
θ := 5−6

(

log log D′

log D′

)3

,

�"���+) �"!#X9& ; 4��*)i.1&H85V/85&j�:) 7�!38�&'�9��KL!�&H$/&'.1!�,J!#� ,-.-,1�+2M03������.1&H� A�2'�:) t'85& &#\ uH0�&Uv wh8�Wm����"*x ; !3��4E�".1_J�3a�85&
���"�?�L!�.

F ∈ Z[x] ; 0�&h$/�"�9� &'�L!
1

&��M0�&h0�&'7:) 2U��!
43.-!��
L ; KL!�,��/C �����J!�.1&U&/�B� ��!��H4E�",1�9�M03&

V
b�!��?��) 0#) &

≥ T
&��j� &'.DKL!�&

h(F ) ≤ l
{

(T + 2) log(L + 1) + Lµ̂ ����� (V )
}

,�<#
l :=

(

L+2
2

)

−
(

L−DT+2
2

)

(

L−DT+2
2

) .

u�u



� � �{� � +i� ��� � � �E�
3L�",`�

p
!��c���"8�S3) &�4�) &/85,-&�)f03�����

[N/2, N ]
&/�e����� �"���

ε := T log p − h(F ) − 2 log(L + 1) − pLµ̂ ����� (V )

≥ T log(N/2) − (l(T + 2) + 2) log(L + 1) − (N + l)Lµ̂ ����� (V ).

���>4�) ��4E�"�+,1� ,1�"� ¼+¼+¼F\*) ���"!��q���+�+!#) & ; X#,@� .-&�85V'8�&��*) 7"!�85&'�9�q0�& 0�&'���+,`� 2�K9!3&�03�����q.1& .1&'8�85& &�\ "0�&�v wh8�Wm����"*x ; KL!�&
F

�/C �����L!3.1&q�+!#)
[p]V

�+,
ε > 0 r ,-.h�+!#d5��0��"��$q0�&p85�"�9�+) &/)cKL!�&p�����+) &p$¢A��", %

0�&�46�:)F��8�t/�+) &/�f���+�+!#) &�$/&/�+� &U$'�"��0�,1� ,1�"� \

p�*OR�:) �"���e� �"!#�=0NC¯�:SE��) 0

l T
l ≤ L + 1

L − DT + 1
× L + 2

L − DT + 2
− 1 ≤

(

L

L − DT

)2

− 1 =
2T − 1

(T − 1)2

&'��46�:)+� ,1$'!�.-,1&/) ; $/�"8585&
T ≥ 13 ; ���"!��f�:S3� &/���"��� T

l(T + 2) + 2 ≤ 2T 2 + 3T − 2

(T − 1)2
+ 2

=
2(T 2 − 2T + 1) + 7(T − 1) + 3

(T − 1)2
+ 2 ≤ 5.

gh�"!��f�'X"�"��� ; 43!�,-� K9!3& l < 1
&/�

N > 100 T
ε ≥ T log N/2 − 5 log(L + 1) − 1, 01NLµ̂ ����� (V ).

o=&'8
�*)FKL!��"���B8
��,1�9� &'�3���9�?KL!�& ; 0DC �:4�) t'�
.-&cQ���,1� ¼%$(\ "p�3��!3�B�/X9�"���
T log(N/2) ≥ 6,1 log(L + 1) ; &/�

0NC¯�:4�) t/�%k ) nH���"!��f�/X9�"���
NLµ̂ ����� (V ) < log D′ ≤ log(L + 1) ; ��,1�3�+, ε > 0 \

���E��� � � � � �E�
3L�",`�

Λ
.YC &'���+&/8�S3.-&I0�&/�c���"8�S�) &'��4�) &'8�,-&�) �c03�����

[N/2, N ] r ���"!����'X9�"����XJ!�KL!�& ; �+��!3��.YC A9_J4E��W
� A�t'�+&
k ) n ; F

�/C¯�����L!�.@��,`�f�+!#)
[p]V

4N��!�)e� ��!��j4�) &'8�,-&�)
p ∈ Λ \ } �"8585&

N ≥ 4000 ; .@�(4�) ��4E�"�+,`� ,-�"� ¼+¼+¼F\ u&/�=.1&�.1&'8�85& ¼+¼+¼F\ "%���"!��=0��"����&'�9� T
L ≥ deg

(

⋃

p∈Λ

[p]V
)

≥
(

0, 4
N

log N
− 2

log 2
log D

)

D.
k �9n


 ,-����) �"���=.-&�85&/8�S�) &�03&�0#) �",1� & T
log log D′

log N
≥ log log D′

4 log 5 + 2 log log D′
≥ 3

25
,

0NC �<#
N

log N
≥ 3

(

5 log D′

log log D′

)2

.

u)"



] ��) &�4E��)+�F���9�=$/&/$',N06�:�3�e.YC ,-��2'7"��.-,`� 2Bk �9nH���c��S�� ,-&/�9� T
L ≥

(

0, 4 · 3 − 2

log 2

(log log D′)2

52 log D′

)

D

(

5
log D′

log log D′

)2

≥
(

1, 2 − 2

log 2

(log log 16)2

52 log 16

)

L

> L

0NC �<#c!���&�$/�"�9�+)F��0�,-$�� ,-�"� \
��� 
 
 � � !#� $ � ��� � ����!#�	�  !#�	��� 
#! �� "��� � ����� $� �	 "����� 
��

0 \ wh85�:) �"�+�
&/� =%\ ZE�:�3��,1&/)h0��"����&/�L�f!���&�85,-����)F�:� ,1�"�c03&�.@�5A3��!#� &/!�)f0NC !������"8�S�) &%��.17"2/S�) ,-KL!�&�&/�
Q��"��$�� ,-�"��0�&��+�"�c0�&'7:) 2��+!�)=!��3&�&�%J� &'���+,1�"�c�:SE2'.1,-&/�3��&�0�&

Q
k y'z |/zDv wh8�WPZ��:xln T

����� ��������� � 	N�:£m ¢¡6�
K

�J¡ y �:� « § ¬  f¡��:® ���  ¢§h /�
L

�J¡E � F¦��� �¡3§ £m�:¡ ¨�� ­/¥¯£m ¢¡3¡E  ¬   K
z � ¥-�:�¢§ ¤�« �:�#�f���:�#�

γ ∈ Q
∗ \ Q

∗* ors ¤ �:¡�¨�±
h(γ) ≥ C(K)

d

(

log log 5d

log 2d

)13

,

�! 
d := [L(γ) : L]

 ��
C(K)

 ¢§¢���J¡E  y �:¡�§¢��¨:¡6��  ¬ ­ «  �¡ ¬ ¨:¡6���J¡3£Yª��3 �®B ¢¡6� ¬   K
z

gh��!3�=�:!�) ���3�jSE&/�+�",-��0�&�$/&U) 2/�+!3.`�F�:�e06�:�3�e.1&�$'���j46�:)+� ,-$/!�.-,-&�)e0DC !��3&�&�%J� &'���+,1�"��$�_#$/.-��� �"8�,@KL!�& ; ��!��+�+,���"!��=���"!��e43) �:4N���+�"���=0NC &/�c85�"�9�+) &�)f!���&�X"&/) �+,1�"�cQl�:,1S3.-& ; 8
�:,-�=&:%L46.1,-$/,1� & T
* �*��+���� � � � �E� �
	 	�� 	N�:£m ¢¡6�

k = Q(ζm)
�J¡ y �:� « § y��9y ¥1�����:®�£Yª��3 � /�

γ ∈ Q
∗ \ Q

∗* ors ¤ ¨�¥-�:�¢§�±

h(γ) ≥ 10−3

d

(

log log D

log D

)3

,

�! 
d := [k(γ) : k] ¤ D := [k(γ) : Q]

 ��
D ≥ 2

z
gh�:� �"���

ϕ(m)
.YC ,1��03,1${�*�+) ,-$/&e0DC ] !�.-&�)�03&

m r ���"!���4E�"!#)+) �"�����+!#434E�"�+&�)H03������.-���+!�,1� &
ϕ(m) = D/d ≥

34 \3] �c&/sE&�� ; �+!#434E�"�+���3�=.1&�$/�"�9�+)F��,1) & ; &'��46�:)+� ,1$'!�.-,1&/)
[Q(γ) : Q] ≤ D = ϕ(m)d < 34d \3L,

[Q(γ) : Q] ≤ 15 ; ��.-�:) � h(γ) ≥ 10−2 ; &��h�+,
16 ≤ [Q(γ) : Q] < 34d ; .-&�� A�2'�:) t'85&�4�) ,-��$',`46��.�0�&Bv $ ��x

���"!��=0�,1�fKL!�& T
h(γ) ≥ 1

4[Q(γ) : Q]

(

log log[Q(γ) : Q]

log[Q(γ) : Q]

)3

.

�i�:)=032/$�) �",-�+� ����$/&�0�&�.-�5Q©�"��$/� ,1�"�
x 7→ log log x

log x

�+!#)
[16, +∞]

�"��&/�c0�2'0�!�,1�

h(γ) ≥ 1

4D

(

log log D

log D

)3

≥ 1

324d

(

log log D

log D

)3

.

gh��� �"��� � �"!#� &'Q©�",-�qKL!NC ,1.�&/�R�q4E�"�+�+,`S6.1&�0NC ��S�� &/�3,`)�.-& 8�V'85& ) 2/�+!3.`�F�:�q� �����>v $ ��x ; �/X9&'$ � �"!#� &/Q��",1�q!���&
$'���3�R�F�:�L� &5!���4E&'!q43.-!���4N&�� ,1� & T 2.10−4 ��!�.-,-&/!

10−3 kl.@��0�,`sN2�) &/�3$/&52/�F���9��0�!�&Bb�!3��&
85��,-����SE�"����&
8
�*OR��)F�*� ,-�"�c0�&

log(L + 1)
06�:�3�e.YC &:%J�+)F�*4N��.@�:� ,1�"��n \

u ~



� � � ����� � � + � � � � �L�{�{� ���9���Y�E����� � �E� � � � � ������� �*�
� ��4E�"�+&



































T =

[

3
log D

log log D

]

L = dT 2

N = 175
(log D)2

log log D
.

� � � � � 	 	 � ,��:�J§%¨:°:�:¡3§�±
T ≥ 8 ¤ L ≥ 64 ¤ N ≥ 175 ¤ T ≤ 3D1/4  /�

2, 125 log(L + 1) < 3, 2 log D − log ϕ(m).

���3�fµ��^¹���� 5���»�µ�� � ��C ,-��2/79��.1,1� 2�k �"n=�3��!3��0��"���3&
T ≥ [3e] = 8 ; kl&/�q46�:)+� ,-$/!�.-,1&/)

L ≥ 64
n ; &��

N ≥ 175 × 2e ≥ 951 \ ���"!#)f85�"�9�+) &/)
T ≤ 3D1/4 ; $/�"8585&

log D ≥ log ϕ(m) ≥ 4 log 3 ; ,-.D�+!#d5�
0�&=) &/8
�:)FK9!3&�)MKL!�&=.@��Q©�"��$/� ,1�"�

x 7→ x
log x −e0.25x &/�R�H��2/79�:� ,1X"&f&/�

4 log 3
&���0�&f0�2/) ,`X92'&e��2'79�*� ,1X9&

�+!#)
]1, +∞[ \

���"!#)f.-�50�&�) ��,-t�) &�,1�32/79��.1,1� 2����"!��f�'X9���3� T
log L = log D − log ϕ(m) + 2 log T

≤ 1, 5 log D + 2 log 3 − log ϕ(m)

${�*)
T ≤ 3D1/4 \ wh,1���+, ; 43!3,1� KL!�& ϕ(m) ≥ 34 ,-.EX#,-&/�9�

log L ≤ 1, 5 log D − 1

2
log ϕ(m).

} �"8585&
L ≥ 64

�"�c�
log(L + 1) < 1, 0038 log L ; ��,-���+,

2, 125 log(L + 1) < 3, 2 log D − log ϕ(m).
�

3L!#4�4E�"�+�"���e4��*)f.YC �:S3�+!#) 03& T
h(γ) <

10−3

d

(

log log D

log D

)3

.
k � n

�(C¯�:4�) t/�e.-�%4�) ��4E�"�+,1� ,1�"� ¼+¼+¼F\ &�; ,-.E&:%#,1�R� &U!3�?4E�".1_#��a"8�&
F ∈ Ok[x]

�3�����L!�. ; 0�&�0�&'7:) 2��:!?46.1!��
L ; &��e�L!�.

&'�
γ

b�!��c��) 0#) & ≥ T
� &/.^KL!�& T
h(F ) ≤ dT

L + 1 − dT

(

Lh(γ) + T log(L + 1)
)

+ log ck

≤ 1

T − 1

(

Lh(γ) + T log(L + 1)
)

+ log ϕ(m).

] �c&�sE&/� ; $/�"8585&
∆k|mϕ(m) ; �����

ck =

√

2
π ∆

1/ϕ(m)
k ≤

√

2m
π ≤ ϕ(m) \ wh,1�3�+, ; $'�"8�85&

T ≥ 8 T
h(F ) ≤ Lh(γ) + 1, 125 log(L + 1) + log ϕ(m).

kRu � n

u &



� � �{� � +i� ��� � � �E�
3L�",`��85��,-�9� &/�6�:�L�

p ∈ [N/2, N ]
!3�q���"8�S�) &54�) &/85,-&�)��3&�03,`X#,-� �:�L��46���

m
kl&'�p4��*)+� ,-$/!3.1,-&�)

p - ∆k
n

&/���+�",1�
ν

&/�R�5!���&?43.@��$/&���&�0�,1X#,1� ���9�546���
p \ gh��� �"���

T1
.lC ��) 0#) &�0NC¯�:�3�L!�.@�*� ,-�"��0�&

Fφp
&'�

γp r ���"!��
0�&/X9���3��0��"��$�85�"�9�+) &�)

T1 > 0 \ �(C¯�*43) t/��.@�?4�) ��4E�"�+,1� ,1�"� ¼+¼+¼F\ )J; ���I�
T1

(

log(L + 1) + log p
)

> ε
�<#

ε := T log p−h(F )− pLh(γ)− log(L+1) ; ,1.��3��!3�H�+!#d5�e��,1���+,E0�&fX9��,1)jKL!�&
ε
&'�R�M�R�+) ,1$/� &/85&/�9�H4N���+,1� ,-Q \

�i�:)=AL_L4N�:� A3t/�+&��+!�)
F

�"��� T
ε ≥ T log p − Lh(γ) (1 + p) − 2, 125 log(L + 1) − log ϕ(m)

�+�",1� ; 0NC¯�*43) t/�=.1&�Q���,1� ¼%$(\ & T
ε > T log p − Lh(γ)(1 + p) − 3, 2 log D.

gh�"!��5��.1.-�"���(X9�",`)5KL!�&
Fφp

�/C¯�:�3�L!�.-&�&'�
γp ; &/� 85�"�9�+)F���9�
KL!�&

ε > 0 \ ���:)5A9_J4E��� A�t/�+&
p ≥ N/2 ≥

(

log D
)1,99 kl0NC¯�*43) t/�%k ��nM�'X"&'$

x = log D ; a = 0, 01
&/�

b = 1
nH&��

T ≥ 8 ; ��,1���+, T
ε >

(8

9
(T + 1)1, 99 log log D − 3, 2 log D

)

− Lh(γ)(1 + p)

> 2 log D − Lh(γ)(1 + N)

> 2 log D − 176 · 32d
(log D)4

(log log D)3
× h(γ).

�U�"��$ ; 0DC �:4�) t'�%k � n ; �����
ε > 0 ; &/��46�:)+� ,1$'!�.-,1&/)

T1 > 0
&/�

Fφp(γp) = 0 \

���E��� � � � � �E�
o=&'8
�*)FKL!��"���=KL!�&��+,

Fφp(γp) = 0
&��e�+,

τ ∈ �U�:.
(Q/k)

43) ��.-�"��7"&
φ−1

p
; �:.-��) � F (τ(γp)) = 0 \ gh��� �"���

Σ.YC &'���+&/8�S3.-&�0�&/�
τ(γp) ; �$#

� p
46�:) $/�"!#)+�=.YC &'���+&/8�S3.-&�03&/�e4�) &/85,-&�) �

p
0�&

[N/2, N ]
��&�0�,1XJ,-� ���9�=46���

m ;
� τ ∈ �U��.

(Q/k)
43) ��.-�"��7"&

φ−1
p

\3L�"!���.YC AL_L4N�:� A3t/�+&ckRu � ne�+!�)�.@�?A3��!#� &'!#)�0�&
γ ; ���"!����'X9���3�UX#!qKL!�&

F
�/C¯�:�3�L!�.-&��+!�)

Σ \ ���"!#)��:)+) ,`X9&�)�b
!��3&�$/�"�9�+)F��0�,-$�� ,-��� ; ���"!��f��.1.-�"���=85�"�9�+) &�)fKL!�&

Card(Σ) > deg(F ) \
• 3L�",-&/�9�

p1 < · · · < ps
.-&/�e0�,1X#,1�+&'!#) �e4�) &'85,1&/) �e0�&

m
06�:�3� {N/2, . . . , N} ; ���"!��f�/X9�"��� T

ϕ(m) ≥ (p1 − 1)(p2 − 1) · · · (ps − 1) ≥ (N/2 − 1)s,

&'��46�:)+� ,1$'!�.-,1&/)
s ≤ log(ϕ(m))

log(N/2 − 1)
≤ log D

6
.

• o=&/8
�:)FKL!��"����85��,-�9� &/�6�:�L�iKL!�&H�+,
p
&/�R��!��(���"8�S�) &H4�) &'8�,-&�)�� &/.#KL!�&

Q(γp) = Q(γ) ; ��.-��) � k(γp) =

k(γ)
$"C &'�R�+W�b:Wm0�,`) &

[k(γp) : k] = [k(γ) : k] ; ��!3KL!�&'.D${���f.-&/�
k
W���!#� �"85��)+43A�,-�+8�&'�h0�&

Q
43) ��.-�"��7"&'���9�

φ−1
p�+�"�9�h��!��3��8�S�) &�03&

d = [k(γ) : k] \
u �



wh,1���+, ; 0NC¯�:4�) t/��.-�h4�) ��4E�"�+,1� ,1�"� ¼+¼+¼F\ uM46��7"& &�; .-&j�3��8�S�) &=0�&j4�) &/85,-&�) �
p
�+&'.1��KL!�&

[k(γp) : k] < [k(γ) :

k]
�"!�� &/.^K9!3&

γp �+�",1�=2/79��.
σ(γp)

4E�"!#)=!��c$'&�)+�F��,1�
σ ∈ �U��.

(Q/k) ; σ 6= id ; &'�R�=,1��Q�2�) ,-&/!�)fb T
log([Q(γ) : Q])

log 2
≤ log D

log 2
.

�U&�43.-!�� ; $/�"8585&
γ

�DC &'�R�e46���j)F��$/,-��&�0�&�.lC !���,1� 2 ; γp &��
γp′ ��&��+�"�9�=46���e$'����OP!�7"!�2'�e�+,

p 6= p′ ; 0NC �<# T
Card(Σ) ≥ d ×

(

π(N) − π(N/2) −
(

1

log 2
+

1

6

)

log D

)

�+�",1� ; 0NC¯�*43) t/�=.1&�.1&'8�85& ¼+¼+¼F\ "�46��7"& � &��%k �"nH�'X9&/$
x = log D ; a = 1

&��
b = 2 T

Card(Σ) ≥ d

(

0,4
N

log N
− 1,7 log D

)

≥ d

(

0,4
N

log N
− 1,7

(

2

e

)2(
log D

log log D

)2
)

.

�U&�43.-!�� ; log N ≤ (2 + log 175) log log D ; 0��"��$ T
Card(Σ) ≥ d

(

0, 4 · 175
2 + log 175

− 1

)(

log D

log log D

)2

,

0NC �<#
Card(Σ) > 32d

(

log D

log log D

)2

.

wh,-���+,
Card(Σ) > L ≥ deg(F ) r &/��46�:)+� ,1$'!�.-,1&/)

F
��&�4E&/!��e46���=�/C¯�����L!�.-&�)U�+!#)

Σ
� �"!#�f&/�L� ,1&/) ; $'�"�9�+)F�:W0�,-$�� ,-�"�c�'X9&/$�.YC A9_J4E��� A�t'�+&
k � n \

�

� � ��� ��� �N���!��������� 	?� � � �e������� �  ��i���c
M�  �� �
3L,

Vα

0�2'�+,17"��&�.@�
X��:) ,-2�� 2%0�&(0�,-85&/���+,-�"� +/2/) �B032�<3��,-&(�+!#)
Q

4��*)�!��p4E�",1�9�
α

0�&
Gn

m
; $�C &/�R�+W�b:Wm0�,1) &

{σ(α) | σ ∈ �U��.
(Q/Q)} ; .lC ,-��2/79��.1,1� 2BkRu*n����"!��=0�,1�

ωQ(α) ≤ n(deg(Vα))1/n.

�U&
Ql���/�"�I7"2'��2�)F��.-& ; �+,
V

&/�R�(!���&5X��:) ,-2�� 2
0�2/<3��,-&
�+!�)
Q

&/�
Q

,1)+) 2/0�!3$�� ,1S3.1&B$/�"�9� &'�3���9�
α ; ,-.�032/$/�"!�.-&

,-858�2'0�,@�*� &'85&/�9�?0DC !�� ) 2'�+!�.1�F�*�?0�&�� ���f� 5D� 8^» � k yl|/zhv } A#x ; $/��) �".1.@��,`) & " ; $FA6�*46,`�+) & u ; 46��7"& ~ u � &��
&:%J&'8�43.1&
u ; 46��7"& ~ u"u{nH.YC ,1��2'79�:.-,1� 2 T

ωQ(α) ≤ n deg(V )1/ codim(V ).
kRu�u*n

wf<3�B0�&e4N��!�X"�",1)H$'���3$/.-!#) &=.-&/!#)M0�2/85�"���R�+)F�:� ,1�"� ; v wh8�Wm��� & x�$/�"���+,-0�t�) &'�9�H0�&'��X"�*) ,-2�� 2'��0�&f0�,1sE2�) &'�9� &/��0�,1W
85&/�3�+,1�"����$'�"�9� &/�3���9��!����+)F�����+.@�*� 2e0�&e.@�hX��:) ,-2�� 2eKL!NC ,1.-�i2/� !�0�,-&/�9� ; �:!3�+�+,��"�9�+Wm,1.-��2/� 2e��85&/��2'��b�,1�9�+) �J0�!3,`) &
¥ � £�¡ ¬ £ y   ¬�� ����§F�l�¢� y �l£m�:¡ 
9­�¡E­¢�F¨�¥¯£©§/­ ¬   « �:£ ¬ § T T

ω(T ; α) := min{(T deg(W ))1/ codim(W )} ,

u )



�<#
T

&'�R�5!�� ) 2/&'.
> 0

&/�
W

46�:) $'��!�)+�5.lC &/�3�+&/8�S3.-&�03&/��X��:) ,-2�� 2/��0�2/<3��,-&/�5�+!#)
Q

&��
Q

,`)+) 2'0�!�$�� ,1S3.-&/�
$'���L� &/�3���9�

α \ gh��� �"���(&/� 46�:)+� ,-$/!�.-,-&�)
K9!DC ��!�$'!���&�A9_J4E��� A�t/�+&��+!#)5.-&�$/��)+43��0�&�032�<3��,1� ,-��� 0�&
V

�NC &/�R�
Ql��,`� &�,1$', \ gh�"!��e!�� ,1.-,1�+&/) �"���e$'&�� £©¡ ¬ £ y   ¬�� ���¢§¢�l�¢� y �l£m�:¡ 
L­�¡�­�� ¨�¥¯£�§/­ !���4E&/!�85�J0�,1<32 ; &/��7�) �"� T

min
{

2ωT, (TD)1/2
}

,

�<#
D

&'�R��.-&e0�&/7�) 2e�+!#)
Q

0DC !��54E�",1�L�
α

&���.-&
ω

.1&e0�&'7�) 2e0NC !3��&e$'�"!#)+SE&
V

032�<3��,-&=�+!#)
Q

< %#2/&e$'���L� &/�3���9�
α

k�X9�",`)B03�����5.-&c$FA��", % 0�&'��46�:)F��85t��+) &/�
$/,1Wm0�&/�+�+�"!��¢n \ } &/.-!�,`Wm$',e03�����
�����+) &�${�:�
�NC &/�R�54��:�
�32/$/&'�+� ��,`) &
4E�"!#)M) &��+) �"!#X9&/)M.-�%85,-����)F�*� ,-�"�?0�!B� A�2/��) t/85& "%b�!���&f46!�,1�+� ����$'&h03!?.-��7%4�) t/� ; ��2'����85�",1�3�M,-.64E&/) 85&��M0�&
79��7"��&�)f���"�c�+&/!�.-&/85&/�L�f�+!#)f.-�5$/�"���R�F���9� & ; 85��,-�=�+!#)+� �"!#�f03�����=.-&�� &�) 85&�0DC &/)+) &/!#)(kl�+!#)f.-��43!�,-�+� �:�3$/&�0�!
log

n \
� 

� ���� "� ������� � � � � ��� �	������� � �  "!#�����  !���
 ���
$
��� �����

gh�:� �"���
D

.-&�0�&'7�) 2�0�&
Q(α)

�+!�)
Q

&��e4N���+�"��� T


















T =

[

9

(

log ω′

log log ω′

)2
]

L = min
{

2ωT 2,
[

(TD)1/2(T + 1)
]}

.

gh�:� �"���
c1 := 3,7 · 104 ; c2 := 2,05 · 109 &/�=$/�"���+,-0�2�) �"���=.1&'�j) 2'&/.-�

N1, N2
�+!�,1X����9� � T























N1 := c1

(

log ω′
)2

log log ω′

N2 := c2

(

log ω′
)8

(

log log ω′
)6 .

� � � � 	 	l�-,��:�#§�¨:°��:¡�§%±
� z

T ≥ [9e2] = 66
 ��

N2
1 ≤ N2

z
� z

log(L + 1) ≤ 4,3 log ω.
� z

log(N1/2) ≥ 1,999 log log ω′  /�
log(N2/2) ≥ 7,92 log log ω′ z

� z��  ¢§5£©¡E­�
9¨�¥�£���­�§�§F�J£�°:¨:¡6�� �§5¡��:�#§ «  ��¢®
 /�Y�l� �:¡3§ ¬  
®
¨�
'�:�  ��5¥-  y ¨:� ¬ £©¡E¨�¥ ¬��  ¢¡3§/ ¢® �/¥1 ¢§ ¬   « �  �®�£Y ��¢§
 F¦ y   « �l£m�:¡3¡E �¥¯§(±

2

log 2
log L ≤ 0,01

N1

log N1

 �� 2

log 2
log(N1L

2) ≤ 0,01
N2

log N2
.

���3�fµ��^¹���� 5���»�µ��	�
u \ ���"!#)f.@�(4�) &/85,-t�) &�,-��2/79��.1,1� 2��"�c!#� ,-.1,-�+&Bk �"nM�'X"&'$

a = b = 2 \ �����+&/$'���30�&�0�2/$'�"!�.1&�,-85852/0�,@�:W
� &'8�&'�9�=0�!c$FA3��, %�03&/�=$/�"���R�F���9� &/� \

" \ } �"8585&
T ≥ 66

���"!��f�'X9���3�
L + 1 ≤ 2ω′T 2 + 1 ≤ 1, 0002 · 2ω′T 2 ��) T

log L ≤ log 2 + log ω′ + 2 log(9/ log log 16) + 4 log log ω′

≤
(

1 + (log 2 + 2 log 8, 9 + 4 log log 16)/ log 16
)

log ω′

≤ 4, 299 log ω′

u �



0NC �<#c.1&�) 2'�+!�.`�F�:� \
~J\e¼ .��+!#d5�i0�&M) &'85�:)FKL!�&/)�KL!�& ; 0DC �:4�) t'�=k ��n��'X9&/$

(a, b) = (0.001, 1)
43!�,-�

(0.08, 6)
���"!����'X9���3� T

N1

2
≥ c1

2
· 0,001e(log ω′)1,99 &�� N1

2
≥ c1

2

(

0,08e

6

)6

(log ω′)7,92.

&�\ } �"8585&
log N1 ≤ (2 + log c1) log log ω′ �"���

0,01
N1

log N1
≥ c1

100(2 + log c1)

(

log ω′

log log ω′

)2

≥ 2 · 4, 3 log ω′

log 2

log ω′

(

log log ω′
)2

��)
4, 3 log ω′ ≥ log L

&/�=0NC¯�*43) t/�%k ��n ; log ω′

(

log log ω′
)2 ≥ e2

4 ≥ 1 ; 0NC �$#c.YC ,-��2'7"��.-,`� 2�X9��!3.1!�& \
] �#<3�c���"!��h�/X9�"��� ; 46!�,1� KL!�& N2 ≥ N2

1 T
0,01

N2

log N2
≥ 0,01N1

N1

2 log N1
≥ 100

N1

log N1

0�&�46.1!��
2

log 2
log(N1L

2) =
2

log 2
(log N1 + 2 log L) ≤ 2

log 2
log N1 + 0,02

N1

log N1
.

�

�^&�$'��) ��.-.@�:,1) & ¼+¼+¼F\ � ���"!��=0��"����&�!���4E�".1_J�3a�85&
F ∈ E({α}, L, T ) ∩ Z[x]

X92/) ,`<6���9� T
h(F ) ≤ 1

T − 1

(

(T + 1) log(L + 1) + Lh(α)
)

���"!#)
j = 1, 2

4E�"�+���3� Pj := {p ∈ [Nj/2, Nj ]
4�) &/85,-&�) } ∪ {1} &��e�3�:� �"���

T1 := min
p∈P1

��) 0
αp(F ),

&'��4��*)+� ,-$/!3.1,-&�) ; $/�"8585&
1 ∈ P1

���"!����/X9�"���
T1 ≤ T \ gh�"!�����.-.1�"����85�"�9�+) &/)�.-&�� A�2'��) t/85& "e46�:)�.YC �:S3�+!�) 0�& ;��!��+�+,^���"!��=�+!#4�4E�"�+&/) ���3�=03�����=.-�5�+!�,`� &

α
0�&�A3��!#� &/!#)=4E&/� ,`� & ; 43.1!3�j4�) 2'$/,-�+2/85&/�L� T

h(α) ≤ T1 log N2

10N1N2L
≤ (T + 1)

10L
.

kRu)"9n

� ���5�:.-��) � T
h(F ) ≤ T + 1

T − 1

(

1 +
1

10 log(L + 1)

)

log(L + 1)

��,-���+, ; $/�"858�&
T ≥ 66

&��
L + 1 ≥ T 3/2 ≥ 500

�"����S�� ,-&/�9�

h(F ) ≤ 1, 05 log(L + 1).

u �
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�
 � � �	� � �  $ � ���� "!

* �*��+���� � � � �E� 	 	,&(	N�:�J§�¥ � � � « ��� ��� §/  � � � �
§F�J�%¥1¨ � ¨:�#�� ��J� ¬   α ¤ ¡E�:�J§(¨:°��:¡3§ ¤^« �:�J�%���:�#�
(p, q) ¬ ¨:¡�§

P1 × P2 ¤
F (αpq) = 0.

���3�fµ��^¹���� 5���»�µ�� � 3L�",`�
(p, q) ∈ P1 × P2

; 43!�,-� KL!�&
T1 ≤ T

&��
N1 ≥ 100

���"!����'X9���3�
0NC¯�:4�) t/�%kRu�"9n

Lh(α) ≤ T1

10N1

log N2

N2
≤ T

1000

log N2

N2
.

�i�:)=032/$�) �",-�+� ����$/&�0�&�.-�5Q©�"��$/� ,1�"�
x 7→ log(x)/x ; $/�"858�&

p ≤ N1 ≤ N2/2 ≤ q ≤ N2
,-.N032/$/�"!�.-&

pLh(α) ≤ 0,001T log p
&��

pqLh(α) ≤ 0,1T1 log q.
kRu ~ n

• gh��� �"���
T1,p

.YC ��) 0#) &�0DC �����L!3.-�:� ,-����03&
F

&/�
αp ; $/�"858�&

h(F ) ≤ 1,05 log(L + 1) ; .-��43) �:4N���+,1W
� ,-�"� ¼+¼+¼F\ ) ���"!��=0��"����& T

T1,p

(

log(L + 1) + log p
)

> 0,999T log p − 3,05 log(L + 1).

�U&'!�%�$'���f�*4346�:)F�:,-�+�+&/�L� T�+,
L + 1 ≤ p T

2T1,p log p > (0,999T − 3,05) log p,
kRu & n

0��"��$ ; $/�"8585&
T ≥ 66 ; �"�c��S�� ,-&/�9�

T1,p ≥ 32 \�+,
L + 1 > p T

(2T1,p + 3, 05) log(L + 1) > 0,999T log p ≥ 0,999T log(N1/2)
kRu � n

} �"8585&
T ≥ 66 ; �"�c� ; 0NC¯�*43) t/�=.1&�4E�",1�9� "(0�!cQ���,1� $(\ u T

2T1,p + 3,05 >
0,999T

T + 1
(T + 1)

log(N1/2)

4,3 log ω′

>
0,999 · 66

67
· 9 · log(N1/2)

4,3

log ω′

(log log ω′)2

3L�",1� ; &/�c!#� ,1.-,-� �:�L�=.-&/�=,1�32/79��.1,1� 2/�
N1/2 ≥ c1 log 16

2(log log 16)2
&/� log ω′

(log log ω′)2 ≥ e2

4

k�X#,@��k �"n+n T
2T1,p + 3, 05 > 45,05

${�*)
c1 = 3, 7.104 \ wh,-���+,D03�����=.1&'�e03&/!�%�$'���=�"�c�

T1,p ≥ 22 \
• gh��� �"����8
��,1�L� &/�3���9�

T2,pq
.lC ��) 0#) &�0NC¯�����L!�.@�:� ,1�"� 0�&

F
&/�

αpq r ���"!����'X9�"���c0NC �:4�) t'��kRu ~ n
pLh(αq) = pqLh(α) ≤ 0,1T1,p log q \ } ��8585&

h(F ) ≤ 1,05 log(L + 1) ; 0�&����"!#X9&'��!�.@��43) �:4N�:W
�+,1� ,1�"� ¼+¼+¼F\*) �3��!3�e0��"���3& T

T2,pq

(

log(L + 1) + log q
)

> 0,9T1,p log q − 3,05 log(L + 1).

u �



¼ .����"!��UQl��!#��,1$',�85�"�9�+) &/)�KL!�&(.1&(85&'8�S3) &(0�&�0#) �",1� &(0�&($'&��+� &(,1��2'79�:.-,1� 2(&/�R�
> 0 \ 3L, L + 1 ≤ p ;$"C &'�R�U2/XJ,-0�&'�9� ; $'�:) T1,p ≥ 22

&��
q ≥ p \ 3J!#4�4E�"�+�"����0��"��$

L + 1 > p r $/�"8585&
T1,p ≥ 22

���"!��
�'X9�"��� T

0,9T1,p > 0,42(2T1 + 3,05),
��,-���+,D0NC¯�:4�) t/�%kRu � n

0,9T1,p log(N2/2) > 0,42
0,999T log(N1/2)

log(L + 1)
log(N2/2).

�(C �<# ; 0NC¯�:4�) t/�=.-&/�e4E�",1�9� ��u ; "(&/� ~ 03!�Ql��,`� $(\ u T
0,9T1,p log(N2/2) > 0,42 · 0,999 · 66

67 · 1,999
4,3 · 7,92 · 9 log ω′

> 13,5 log ω′.

kRu ) n

wh,-���+,
0,9T1,p log q > 3,05 · 4,3 log ω′ ≥ 3,05 log(L + 1) \ �

� 
�� �  "!#� $ 
#�	�� "!

gh�:� �"���
X1

.@�(X��:) ,12/� 2�0�2�<3�3,1&�46�:)
F

&/�e4E�"�+���3� T














X2 :=
⋂

p∈P1

[p]−1X1,

X3 :=
⋂

(p,q)∈P1×P2

[pq]−1X1.

gh��� �"���=KL!�& ; 43!�,-� KL!�& P1
&�� P2

$/�"�9� ,-&/�3��&/�9�
1 ; �3��!3�=�'X9�"���e.-&/�=,-��$/.-!��+,-���3�=�+!�,1X����9� &/� T

X3 ⊂ X2 ⊂ X1.

gh�"!��?�+)F�/X"��,1.-.1�"����,-$/,U�'X9&/$
α ; ��!��+�+,U���"!�����&p$'���3�+,10�2/) &�) �"����KL!�&p.-&/��$/�"8�4E�"� ���9� &/��03& $'&/�?X��:) ,12/� 2/�

) &'��$/�"�9�+)F���9�f!���&�43!�,-�+� �:�3$/&�0�&
α r 43.-!��j43) 2/$/,-�+2/85&'�9�e4N���+�"��� T

� Y1
.lC !���,-�"�q0�&'��$/�"8�4E�"� �:�L� &/�

Q
Wm,`)+) 2'0�!�$/� ,`S3.-&/��0�&

X1
$'���L� &/�3���9�

αpq 4E�"!#)��:!q85�",-����!��
(p, q)03����� P1 × P2

� Y2
.lC !���,-�"�c0�&'�e$'�"8(4N��� ���9� &'�

Q
Wm,`)+) 2'0�!�$/� ,`S3.-&/�=0�&

X2
$'�"�9� &/�3���9�

αq 4N��!�)f��!�85�",1�3�=!��
q ∈ P2

� Y3
.lC !���,-�"�c0�&'�e$'�"8(4N��� ���9� &'�

Q
Wm,`)+) 2'0�!�$/� ,`S3.-&/�=0�&

X3
$'�"�9� &/�3���9�

α \
� ����.1&'�e,-��$/.-!��+,-�"���=�+!�,1X����9� &'� T

α ∈ Y3 ⊂ Y2 ⊂ Y1

] �546�:)+� ,-$/!�.-,1&/) ; 0�&'!�%�0�&=$'&/���+) �",1��X��:) ,12/� 2/���"�9�H85V/85&=03,185&/�3�+,1�"�B$/&fK9!3,3���"!���4E&�) 85&��+�+)F��0�&=$'��8�46�:) &/)
.-&/!#) �=0�&'7:) 2'�e�"!�.-&/!�)=A3��!#� &'!#) �=����) 85��.-,1�+2'&/� \
	 	 � 	l� � � �����

Y2
�L�

Y3
�/�E�6� � � ��� �q��� � � �E�

0

3L�",`�
Z

!���&�$'��8�4E�"� ���9� &
Q
Wm,`)+) 2'0�!�$/� ,`S3.-&�0�&

Y3 r $/�"8585&
Z

) &/��$'���L�+) &
α

�"��� T
Z =

⋃

σ∈ ����� (Q/Q)

σ(α).

" �



] ��46�:)+� ,1$'!�.-,1&/)
deg(Z) = D \ �U&�.lC ,-��$/.-!��+,-���

⋃

q∈P2

[q]Z ⊆ Y2 ,

�"�c��S�� ,1&'�9�=!���&�4�) &/85,-t�) &�,-��2/79��.-,`� 2 T
deg

(

⋃

q∈P2

[q]Z
)

≤ deg Y2.
kRu �"n

• 3L�",-&/�9�
F1, . . . , Fr

.-&/�=Q���$�� &'!#) �
Q
Wm,1)+) 2/03!�$�� ,1S3.-&/�=0�&

F \ ��&/�=$/�"8�4E�"� ���9� &/�
Q
Wm,1)+) 2/0�!3$�� ,1S3.1&'�=0�&

X20�&�0�,-8�&'���+,-���
1

�+�"�9�f.1&'�
Z(Fj)

; �$# T
Fj | gcd

(
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2

log 2
log D ≤ 2

log 2
log(N1L

2) ≤ 0,01
N2

log N2
.

] ��) &�4E��)+�F���9�e� ��!��=$/&/$',N06�:�3��kRu �"nH�"��&/��032/0�!�,1�
0,4N2

log N2
≤ N1T (T + 1)2.

�(C �<# ; &'��!#� ,-.1,-� ���9�=.-&/�=,-��2/79��.1,1� 2/�
log N2 ≤ (8 + log c2) log log ω′ &��

T ≥ 66 T
0,4c2

8 + log c2
≤ c19
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p∈P1

[p]Z ⊆ Y1.

} �"8585&�.1&'�jX��:) ,12/� 2/�
Z

&/�
Y1

�+�"�9�f0�&�85V/85&�03,185&/�3�+,1�"� ; �"�c&/��0�2'0�!�,1� T
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ĥ(Y1) ≥
∑
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ĥ(W ) \ of�:4�4N&/.-���3�MK9!3&=.-&=�R�F�:S3,-.1,-� �:� &/!#)M03&
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dim(GW ) ≤ dim(W ) = 1 \ gh��� ���3�?,-$/,�K9!3& .-&/�?43) &/85,1&/) ��0�,1XJ,-� ���9��.-&p$'�:) 0�,-�3��.U0�&
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v ���:W ��A�x^KL!�& T
ĥ([p]W ) =

pdim(W )+1

| ker[p] ∩ GW | ĥ(W ),

&/� | ker[p]∩GW | = pdim GW | ker[p]∩GW /G0
W | ≤ p·| ker[p]∩GW /G0
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p
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ĥ([p]W ) ≥ p · ĥ(W ).

���%43) �:4N���+,1� ,-��� ¼+¼+¼F\ u�&��e.-&U4N��,-�9� & 0�!cQ���,1� $(\ u����"!��=0��"����&'�9�=03&U43.-!��

Card(Ecc(Z) ∩ P1) ≤
2 log deg(Z)

log 2
≤ 2 log L

log 2
≤ 0,01

N1

log N1
.

wh,-���+, ; &/��) &/4E��)+�F���9�=$/&'$/,D03������kRu �9n T
ĥ(Y1) ≥

∑

p∈P1
p6∈Ecc(Z)

p · ĥ(Z) ≥
(

π(N1) − π(N1/2) − 0,01
N1

log N1

)

N1

2
· ĥ(Z).

} �"8585&
N1 ≥ 5000 ; ���"!��=0�2/03!�,1�+�"���f0�!c.1&'8�85& ¼+¼+¼F\ " T

ĥ(Y1) ≥ 0,2
N2

1

log N1
· ĥ(Z).

kRu � n
} �"8585&

dim Z = dim Y1 = dim X1 = 1
&/�

Z ⊂ Y1 ⊂ X1
�"���

deg(Z) ≤ deg Y1 ≤ L \ ����X"�*) ,-2�� 2
Z�NC 2��F���9�e4��:�=0�&�� ��) �+,-��� ; .@�(4�) ��4E�"�+,1� ,1�"� ¼%$(\ uU�3��!3�e0�,1� T

ĥ(Z) ≥ 5−6

(

log log L

log L

)3

,

0�&�43.-!�� ; .lC ,1�32/79��.1,1� 2�0�&�������03��!
h(F ) + log deg(F ) ≥ log M(F )

���"!��=03���3��& T
2,05 log L ≥ h(F ) + log deg(F ) ≥ log M(F ) = ĥ(X1) ≥ ĥ(Y1).
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2,05 log L ≥ 5−7 N2
1

log N1

(

log log L

log L

)3

.
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log N1 ≤ (2+ log c1) log log ω′ &�� ; 0NC �:4�) t'�H.-&f4E�",-�9� "�0�!?Ql��,`� $(\ u ; KL!�&

log L ≤ 4,3 log ω′ ; �+�",`�
N2

1

log N1
≥ c2

1

2 + log c1

(

log ω′
)4

(

log log ω′
)3 > 2,05 · 57 · 4,34 ·

(

log ω′
)4

(

log log ω′
)3
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��C A9_J4E��� A�t/�+&BkRu)"9nH&'�R�=0��"��$�Ql��!��+�+& ; ��,1�3�+, T

h(α) ≥ T1 log N2

10N1N2L
.

� � � � 	 	�� (H¡I¨
T1 log N2 ≥ 15 log ω′

���3�fµ��^¹���� 5���»�µ�� � 3J��,1�
(p, q) ∈ P1 × P2

; � &/.HKL!�&?.YC ��) 0#) &�0NC¯�:�3�L!�.@�*� ,-�"�
T1,p

03&
F

&/�
αpX92�) ,1<3&

T1,p = T1
\ 3L, L + 1 > p ; $"C &'�R�M&�%���$�� &/85&'�9�M.lC ,-��2/79��.1,1� 2�kRu ) n \ 3L!#4�4N���+�"���j0��"��$

L + 1 ≤ p ;$'��8585&
N2 ≥ N2

1

&��
N1 ≥ p ≥ N1/2

; .YC ,-��2'7"��.-,`� 2BkRu & nH0��"����& T
T1 log N2 ≥ 2T1 log N1 > (0,999T − 3,05) log(N1/2)

�+�",1� ; 0NC¯�*43) t/�=.1&�4E�",1�9� ~ 0�!cQ���,1� $(\ u T
T1 log N2 > 1,999(0,999T − 3,05) log log ω′

> (T + 1) log log ω′

> 9 (log ω′)2

log log ω′

> 9e log ω′

�

���:)f0�2�<6��,`� ,-�"� ; L ≤ 2ωT 2 ; .-& 06��,1� $(\ & 85�"�9�+) &���.1��) �fKL!�&

h(α) ≥ 1,5

2 · 92c1c2

1

ω

(log log ω′)11

(log ω′)13

��,-���+, ;
h(α) ≥ 1,2 · 10−16

ω

(

log log ω′
)11

(

log ω′
)13

${�*)
c1 = 3,7.104 &��

c2 = 2,05.109 \
� � � ��� ��� �E�����U���/��� 	?� 
H����� � � �%���!� �i���

3L�",1&'�9�
α := (α1, α2)

!�� 4E�",1�9�cb $/�J��) 0��"����2'&/��8%!�.1� ,`43.-,-$'�:� ,`X9&'8�&'�9�c,1��032�4E&'��03���9� &/� \#� � 4N&/!#�
�+!#434E�"�+&�)(� ������4E&/)+� &
0�&B7�2'��2�)F��.-,`� 2

h(α1) ≤ h(α2) ≤ 1
&��

D := [Q(α) : Q] ≥ 2 \ 3L�",-&/�9� A ∈ N∗&/�
β := (β1, β2)

� &/.-��KL!�&
β1 = α1

&��
βA

2 = α2
\ } �"8585&

β
&/�R�%b?$'�J�:) 03���3��2/&'��8%!�.1� ,`43.-,-$'�:� ,`X9&'8�&'�9�
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Q
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G2
m

46���+� ���9�j46�:)
β

�NC &/�R�j46���M0�&h� ��) �+,-�"� \ �(C �:4�) t'�j.1&
� A�2'��) t/85& "(���"!��f�'X"�"���h�:.-��) � T

h(β) ≥ 1,2 · 10−16

ωQ(β)
max {log ωQ, log 16}−13

.

� ��$¢A��",1�+,1�f85��,-�9� &/�6�:�L� T
A :=

[

2h(α2)

h(α1)

]

>
2h(α2)

h(α1)
− 1 ≥ h(α2)

h(α1)

" �



&'��46�:)+� ,1$'!�.-,1&/)
h(β) ≤ h(β1) + h(β2) = h(α1) + A−1h(α2) ≤ 2h(α1) ,

&/�
ωQ(β) ≤ 2[Q(β) : Q]1/2 ≤ 2(AD)1/2 ≤ 2(2

h(α2)

h(α1)
D)1/2.

gh�"!��=��S�� &/���"���=��.-��) �

2h(α1) ≥
1,2 · 10−16

2(2h(α2)
h(α1)

D)1/2
max

{

log(2(AD)1/2), log 16
}−13

�+�",1�
(h(α1)h(α2))

1/2 ≥ 3.10−17

(2D)1/2
max

{

log(2(AD)1/2), log 16
}−13

.
k;" � n


 ,-����) �"���=.-&�85&/8�S�) &�03&�0#) �",1� & ; ���"!��f�'X9���3� T
2(AD)1/2 ≤ 2

(

2D

h(α1)

)1/2

.

} �"8585&
α

&/�R�MbU$/�J��) 0��"����2'&/��8%!�.1� ,143.1,-$'�:� ,1X9&/85&/�9�H,1��032�4E&'��03���9� &/� ; α1
�NC &/�R��4��:��!��3&j)F��$/,-��&e0�&=.YC !��3,`� 2

&/�=.-�(X9&�) �+,-�"��&:%J43.1,-$/,1� &�03!�� A�2/��) t'8�&�0�&����:S3) ���M�".-�R[#,N4��*) $ �"!#� ,-&�)�v $ ��x^���"!��=0��"����& T
h(α1) ≥

1

4D
(log(3D))

−3
.

� ��&'��0�2'0�!�,1�
log
(

2(AD)1/2
)

≤ log
(

4
√

2D(log 3D)3/2
)

≤ 2 log(3D).} �"8585&
D ≥ 2 ; ���"!��f�'X9���3�

2 log(3D) ≥ log 16 ; &�� ; &/��) &�4E��)+�F���9�=$/&'$/,N03�����(k;" � nH���"!��e��S�� &'���"��� T
(h(α1)h(α2))

1/2 ≥ 3 · 2−13,5 · 10−17

D1/2
(log(3D))

−13
.

wh,-���+,
C(2)1/2 = 2.10−21 &��

κ(2) = 13 \
� ���
�e�!�e�c
 ���
v wh8�Wm���:x60 \ wh85��) �"�+�I&�� 3 \ ���'XJ,-0 ; �   « � ���/¥ � ®
  ¬   �   � ®B ¢�p ¢¡ ¬ £©®B �¡�§F£m�:¡ §F� « ­��¢£Y ��J�F  ; � \ o=&/,-��&

wh�37�& � \ 
q�*� A \ � u ~ kRu ����� n ; 4 \ u & � W u � �J\
v wh8�Wm����"{x 0 \ wh85��) ���+�U&�� 3 \ ���'XJ,-0 ;�� £�¡��:�F¨��l£Y�:¡ ¬  =¥1¨ � ¨:�#�� ��J�j¡E�:�¢®B¨�¥¯£©§/­F  ¬�� �J¡E  � � «  ��¢§F�J� | ¨ y   ; we$��F�

wf) ,1� A�85&�� ,-$'� � " \ & k;" ����� n ; 4 \�~"~�� W ~ ) )J\
v wh8�Wm��� ~ x 0 \ wh85��) ���+�q&/� 3 \ ���'X#,10 ; . £�§¢�l�¢£����#�l£m�:¡ ¬  �§ « �:£�¡3�l§ ¬   «  /�l£l��  � ¨:���� ¢�#� ¬ ¨:¡�§�¥1 �§ 
�� �:� «  ¢§®��#¥`�l£ « ¥¯£ y ¨��l£ | § ; wh��� \ 3L$/!��".@�5gh��) 8 \ 3L!#4 \ ��,1� � 3L$/, \ 3L&�) ,-& $ $ ��. ¼+¼+¼ 06���+$ \ "�k;" ��� & n ; 4 \E~ " � W

~
& � \
v wh8�Wm��� & x 0 \ wh85��) ���+��&/��3 \ ���'X#,10 ;�� £�¡E�:� ¨��l£m�:¡ ¬  
¥1¨ � ¨:���� ¢�#�(¡E�:�¢®B¨�¥¯£�§�­F  ¬ ¨:¡3§%�J¡ ���:�   ; � �"!#) �6�:.�"Q�� A�& ¼ �3�R� \ �"Q 
p�:� A \ � !��+�+,-&/! k;" ��� ~ n & k ~ n ; 4 \�~"~ � W ~ �#u \

" )



v wh8�WPZ��:x 0 \ wh85�:) �"�+�c&�� =%\ ZE������,-&�) ; ���  /¥1¨��l£©°�  . ����� ���H��¥¯§��'£ � ���H ����h�:�J¡ ¬ �:°� �� � �F /¥¯£m¨:¡	��¦��� �¡ �
§F£m�:¡3§ ; wh��� \ 3L$/!��".@��gh�"8 \ 3J!#4 \ ��,-� � 3L&/) ,1& ¼%$ &�
 k;" ����� n ; 4 \ �Ju�u�W �$" � \

v >j�:W $ �:x ]=\ >j�"8�S3,-&�) ,^�:�30 � \ $ �"��.1&/) ; (M¡ 	6£m �
9 /¥ � § �  �®(®B¨ ;�¼ �LX \ 85�:� A \-; u � � ~L\
v >j,`x � \ >j,1.-! ; 
q�*� A \ o=&/X#,1& �=� 
 o " ����� 7 T u"u � � � \v } A#x 
 \ } A3�:) 0�,-� ;�
 ¡� �®B¨�
/�:� ¨��l£m�:¡ ¬  �¥1¨ | �:¡ y �l£m�:¡ ¬  ��U£�¥D�  ����j /��§/ ¢§ y �:¡3§/­Fª¢�6 ¢¡ y  �§ « �:�J��¥ � £�¡3�� ����« ��¥1¨��l£Y�:¡I¨�¥ 
9­����¢£Yª��3  z ; >j!�. \ 3L�J$ \ 
p�:� A \ 03)F����$/&�� \ u"u ��kRu � ���"n ; 4 \�~ � � W ~ u � \
v ���:W ��A#x
3 \ ���'X#,-0�&�� � \ ��A�,-.1,14�4E�"� ; � £©¡E�:� ¨��l£m�:¡3§ ¬  ¢§ � ¨:�#�� ��J�¢§�¡E�:�¢®
¨�¥�£©§/­F ¢§ ¬  �§(§/�:�J§���°:¨:�¢£m­���­�§ ¬  �§���:�F ¢§ ; wh��� \ 3L$'!��".-��gh��) 8 \ 3L!#4 \ ��,1� � 3L$/, \ k & n���� $U¼+¼+¼ kRu ����� n ; 4�4 \ & � � W � &L~J\
v �U��x ]=\ ���:S3) ���M�".-�R[#, ; (H¡>¨qª¢�6 ¢§¢�l£m�:¡ � | �   � ®
 ��?¨:¡ ¬ � �  B¡��#® �F ��?� | £��¢�   ¬ � y �l£��/¥1  | ¨ y ���:�¢§?� | ¨

« ��¥ � ¡E�:®�£Y¨�¥ ; we$/�F�(wf) ,1� A�85&�� ,-$'� ~ & kRu � � � n ; 4 \�~�� u�W & � u \
v �^&/x � \ � \ ��&/A�85&/) ;�� ¨ y ���:�¢£��{¨��l£m�:¡c� |fy  ¢����¨:£�¡ y��9y ¥1�����:®�£ y�| �#¡ y �l£m�:¡�§ ; wh�3� \ 
p�:� A \ k;"9n ~ &�; kRu �"~"~ n ;4 \ & ) u�W & � �J\
v ��x } \ ���"�9�+) &{��! ; � ­�®B�:£©�   ¬   . � � ;2= ��,1X9&�) �+,1� 2�0�& } ��&/� " ��� u
v o=��W�3L$�x � \ > \ o=�"�+�+&�)e����0B� \ 3JA�����Q�&/.-0 ; � «9« � �{¦�£©®B¨���  | �:�¢®(��¥1¨:§ | �:�f§/�:®B  | �#¡ y �l£m�:¡�§�� | « �¢£©®B h¡3�J® �

�F ��¢§ ;3¼ .1. \ � \ 
p�:� A \ � \ � ; 4��:7"&'� )
& W �
&#; u � ) " \
v 39�+W $ �*x�� \ 39�+) !#434E&/$F[(����0 � \�$ �"��.1&/) ;�� ¡E  ª��3¨�¥�£��l£m ¢§ | �:� �  ¢£D
 � �l§=� | ¨�¥ 
9 ��¢�F¨:£©§j§F�2��§ « ¨ y  ¢§=¨:¡ ¬ � �  �� � �3 :�	6£m �
9 /¥ « �¢£©¡ y £ « ¥1  ; ,-� T wh�3��.1_J� ,1$�gh!�8�SE&�)��jA�&'��)+_ ; >M�"�R� �"� ; u ��� � ; 4 \ & �
& W � " � \
v $ ��x � \ $ ��!�� ,1&/) ; � ¡p ��f  y �l£�°: �¥1���H ¢� �F�:�J¡ ¬ | �:�U� �   �  ¢£D
 � ��� | ¨�¥ 
L ��¢� ¨:£ y ¡3�J® �F ¢�¢§ ; we$/�F��wf) ,`� A�85&/W

� ,-$'� � &�; kRu ��� ) n ; 4 \ �Ju�W � � \
v�Z6A�x 3 \ Z6A6�:�37 ; �=�:§F£��l£�°� �¥¯£�¡E  ���J¡ ¬ ¥1 ¢§(�:¡I¨:�¢£l� � ®
 /�l£ y °�¨:�¢£Y /�l£m ¢§ ; � \ wh85&�) \ 
q�*� A \ 3L�J$ \ � ; kRu ��� � n ;4 \ u � �{W "<"#u \
���*SN�:)F�:� �",1) &�0�&�85�:� A�2'8
�*� ,@KL!�&/�egh,-$/�".@��� � ) &/�+85& ; } gho 3 = 
 o ) u ~��
= ��,1X9&�) �+,1� 2�0�& } ��&/� > � � u � )u & � ~ " } ��&/� } &'0�&�%
0�o=whg } ]
] Wm8
��,1. T 4E�"�9�+) &'��! �h85�:� A \ !���,-$'��&'� \ Q©)

" �


