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cLd�e$f1d1g+h

R
2 i1jlk�m d1n\ope jlj f1q k g i g j d1d j2r^s n2d1d j o k(m d m hpf
o j hpn\t@n k n2u2g(v�f jWw n2f
x j oyhVz�{ j ope}|\z�q4n2e~t m q7h7� i�j4�

j d �yj el� k+jV��� f1g+x m d�h �l�
� r A := {(x, y) ∈ R

2 | x2 − y2 − 2xy ≤ 1}

� r B := {(x, y) ∈ R
2 | x2 + y2 + exy ≤ 36}

� r C := {(x, y) ∈ R
2 | 2x2 + 3y2 < 1}
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� r)� n2g�h (E, d)

f1d j4� t m q j e}|7hyopg�v�f jLj h (xn)n≥0

f1d jB� f1g+h jLi�� | k |4e j d�h ��i1j E
v�f�g�qVn\d�x j opu j x j o � a ∈ E r� n2d�hyo j oBv�f j K = {xn | n ≥ 0} ∪ {a} jV� h�f1d�q4n2e~t m q7h i1j E r

� r)� n2g�h (E, d)
f1d jV� t m q j e}|7hyopg�v�f j qVn\e~t m q4h j h (xn)n≥0

f1d j�� f�g�h j�i�� | k |Ve j d�h �-i1j E
v�f�g1t@n �y�y�4i�j f1d j

�yj f k(j x m\k(j f
o i���m\i1� |4o j d1q j a i�m d � E r � n2d�hyo j oLv�f j q j hyh j�� f1g+h j q4n2d�x j opu j x j o � a r
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b
b

� n2g j d�h (E, ‖ · ‖)
f1d j4� t m q j x j q7hpn\opg j4k d1n\ope}| j h A j h B i1j f
��t m oyhpg jV��i1j E r cLd�d1n\h j}�

A + B := {a + b | (a, b) ∈ A × B}.

� r � n2d�hyo j oBv�f j�� g A j4� hLn2f
x j oyhVz mXk n\o � A + B jV� h�n\f1x j oyh r
� r � n2d�hyo j oBv�f j�� g A j4� hLq4n2e~t m q7h j h B

{ j ope}|\z mXk n\o � A + B jV� h�{ j ope}| r
� r � n2d�hyo j oBv�f j�� g A j h B � n2d�hLq4n2e~t m q7hVz mXk n\o � A + B jV� h�q4n2e~t m q7h r
� r cLd�e$f1d1g+h

R × R
i1j�k�m d�nXope jlj f1q k g i g j d1d j�j h�n2d�t�n �yj}�

A := {(a, b) ∈ R × R | a > 0 j h ab = 1} j h B := {(a, b) ∈ R × R | a = 0 j h b ≤ 0}.

s |7h j ope~g(d j o k(m d m hpf
o j hpnXt�n k n2u2g(v�f jli1j A, B j h A + B r
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� n2g j d�h (E, ‖ · ‖)
f1d j4� t m q j x j q7hpn\opg j4k d1n\ope}| j h A

f1d j t m oyhpg j q4n2e~t m q7h jLi�j E r-� n\g+h a ∈ A
f1dWt@n2g+d�h������

�	� ��

�7z�q � jV� h������ i g�o j v�f j t@n2f
o�hpn2f
h ε > 0
n2d m B(a, ε) ∩ A 6= {a} r cLd�q4n2d � g i1� o j f1d j {0n2d1q4hpg+n2d�q4n2d�hpg(d�f j

f : E → E
h jVk+k(j v�f j f(A) ⊆ A j h�x�|7opg
� m d�h �

∀x ∈ A \ {a}, ‖f(x) − a‖ < ‖x − a‖.

� r � n2d�hyo j oBv�f j f(a) = a r
� r)� n2g�h x0 ∈ A � t@n2f
o�hpn2f
h n ∈ N

n2d9t@n �yj xn+1 = f(xn) r � n\d�hyo j o<v�f j}k�m�� f1g�h j (xn)n∈N
m g+d � g

i |���d�g j qVn\d�x j opu j x j o � a r
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� n2g j d�h n
f�d j d�hpg j oLd m hpf
o jVk z d k(m~i g � h m d1q j f � f j4k(k+jl� f1o R

n
z j h F

f�d { j ope}|ld1n2d�x
g i1j�i�j
R

n r
� r cLd�q4n2d � g i1� o j f�d | k |4e j d�h x0

i1j
R

n r
w m � � n2d�hyo j oBv�f � g k�j �
g � h j f1d jl� f1g+h j (fk)k∈N

i�� | k |4e j d�h ��i�j~�

B̄
(

x0 , d(x0, F ) + 1
)

∩ F

h j4k(k+j v�f j�k�m~� f1g+h j (

d(x0, fk)
)

k∈N

q4n2d�x j opu j x j o � d(x0, F ) r
w �@���^d i | i f1g+o j v�f j�k�m~i g � h m d1q j d(x0, F ) j4� h m hyh j g+d�h j\r

� r cLd�o m t�t j4k(k+j v�f j�k � m t1t k g(q m hpg(n\d i |���d1g j�� f
o
R

n
t m o x 7→ d(x, F ) j4� hBq4n2d�hpg(d�f j2rL� n\g+h U

f1d�n2f
x j oyhd1n2d�x3g i1j)i�j
R

n r cBd � f
t1t@n �yj v�f j t�n\f1o hpn2f
h x ∈ U
z k�m$i g � h m d1q j d(x, F )

d � j4� h m hyh j g(d�h j v�f � j d�f1d
�yj f k t@n2g+d�hVz�v�f j)k � n\d�d1n\h j o m P (x) r��/j ��f
h�g+qVg j4� h i1j e~n2d�hyo j oLv�f j)k � m t1t k g(q m hpg+n2d P : U → F m g(d � gi |���d�g jljV� h�q4n2d�hpg(d�f j\r
� n2g j d�h x ∈ U j h (xk)k∈N ∈ UN

f1d jl� f�g�h j q4n2d�x j opu j d�h j x j o � x r
w m � � n2d�hyo j oBv�f j�k�m~� f1g�h j (

d
(

xk, P (xk)
)

)

k∈N

qVn\d�x j opu j x j o � d
(

x, P (x)
) r

w �@� � n2d�hyo j oRv�f j�k ��m t�t k g(q m hpg(n2d d : R
n ×R

n → R
jV� h�q4n2d�hpg(d�f j<w n�� k+j t1opn i f1g+h

R
n ×R

n jV� h�e$f1d1g
i1jlk(m~i g � h m d1q j δ

(

(x1, y1), (x2, y2)
)

= max
{

d(x1, y1), d(x2, y2)
} � r

w q����^d o m g � n\d�d m d�h�t m o k � m � � f
o i�j z�e}n\d�hyo j oLv�f j�k�m~� f�g�h j (

P (xk)
)

k∈N

qVn2d�x j opu j x j o � P (x) r
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� r)� n2g�h X

f1d j4� t m q j e}|4hyopg(v�f j qVn2e<t m q4h j h (fn)
f1d j�� f1g+h j�i�� m t1t k g(q m hpg(n\d � q4n2d�hpg(d�f j4� �$x m\k(j f
o ��i�m d �f1d j4� t m q j e}|4hyopg(v�f j Y

z�q4n2d�x j opu jVm d�h�x j o � f
f1d1g({0n\ope}|4e j d�h � f
o X r � n2d�hyo j oLv�f jl� g (xn) j4� hLf1d j� f1g�h jli�j t@n2g(d�h ��i�j X

q4n2d�x j opu jVm d�h�x j o � x ∈ X
z m\k nXo � fn(xn)

h j d i x j o � f(x) r
� r�� t1t k g+q m hpg(n2d � � n\g+h X

f�d j4� t m q j e}|4hyopg(v�f j q4n2e~t m q7hVz j h � n2g+h (fn)
f1d jl� f1g+h j�i���m t1t k g+q m hpg(n2d ��i1j Xi�m d � X

z m���m d�hRq ��m q4f1d j f1d�t@n2g(d�h �1� j � n2d � f
t1t�n �yj v�f jBk�m$� f1g+h j (fn)
q4n2d�x j opu j x j o � f1d j {�n\d�q7hpg(n\d

f
f1d1g({0n\ope}|4e j d�h � f
o X r � n2d�hyo j oLv�f j f m}m f �y� g�f�d�t�n\g(d�h �1� j2r

� r)� n2g�h K
f1d q4n2d�x j � j q4n2e~t m q7h i1j

R
n j h f

f1d j�m t�t k g(q m hpg(n2d qVn2d�hpg+d3f jli1j K i�m d � K
x�|7opg
� m d�h

‖f(x) − f(y)‖ ≤ ‖x − y‖;

�^d�q4n2d � g i |7o m d�h k(j4� {�n2d1q7hpg(n2d � fn
i |���d1g j4� � f
o K

t m o fn(x) = 1

n
f(x0) + (1− 1

n
)f(x)

z
n��
x0 ∈ K

z
e~n2d�hyo j oLv�f j f m f1d�t@n2g(d�h ��� j2r � � h�� g k f1d1g�v�f j���� f j��yj t m\�y�yj � h�� g k/� g K d � jV� h�t k f � q4n2d�x j � j��
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b
� 	 o j e}g j o�h � |4n\o � e j�i1jls g+d1g�
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� n2g+h (X, d)
f1d jV� t m q j e}|7hyopg�v�f j z f j h fn

w n ∈ N
� i1j4� {�n2d1q7hpg(n2d ��i1j X i�m d � R

r cLd�{ m g+h k(j4���2� t�nXh ���4�yj4�
� f1g�x m d�h j4�l�

• 6 n\d�hpg+d�f�g�hp| � t@n2f
o�hpn2f
h n ∈ N
z k(m {�n\d�q7hpg(n\d fn

j h k�m {0n2d1q4hpg+n2d f � n2d�hLq4n2d�hpg(d�f jV��� f1o X �

•
� n2d1n\hpn\d�g j<�^k(m<� f1g+h j (fn)n∈N

jV� h i |4q7opn2g �y�pm d�h j}w q � j4� h������ i g+o j z
t�n\f1o hpn2f
h x ∈ X j h hpn2f
h n ∈ N
n2d

m fn+1(x) ≤ fn(x) �

• 6 n\e~t m qVg�hp| �^kZ� j4� t m q j (X, d) j4� h�qVn2e<t m q4h �
• 6 n\d�x j opu j d1q j�� g(e~t k+jl� t@n2f
o hpn2f
h x i�j X

z k�m)� f1g+h j�i1j op| j4k(� (fn(x))n∈N

q4n2d�x j opu j�� g+e~t k(j e j d�h^x j o �
f(x) r

� n2d�hyo j o�v�f j$k�m � f1g+h j (fn)n∈N

qVn2d�x j opu j f1d1g({0n\ope}|4e j d�h � f
o X
x j o � f w g(d i g(q m hpg(n2d � f
hpg k g �yj o)f1d o j q4n2f �x�o j e j d�h i1j X

t m oLf1d�d1n2e��1o j ��d1g i1j �@n2f k(j4�4r
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b�b
cLd x m e}n2d�hyo j olv�f j$k(j4� t@n k7� d�82e j4�)� n2d�h i1j d �yjV�)i�m d �)k(j4� {�n2d1q7hpg(n2d � q4n2d�hpg(d�f j4��� f
o [−1, 1] r 	 n2f
o�q4n2e �e j d1q j oVz1n2d m t1t1opn3q ��jlk(m {�n\d�q7hpg(n\d |t| r
� r � n2d�hyo j oBv�f j�k�m~� f1g�h jli�j t@n k�� d'8\e jV��i |���d1g � t m o�op|4qVf
oyo j d�q j~�

pn+1(t) = pn(t) +
1

2
(t2 − p2

n(t)), p0(t) = 0,

q4n2d�x j opu j x j o � |t| r
� r �^d i | i f1g+o j v�f j hpn2f
h j {0n2d1q4hpg+n2d m-9 d j t m o e}n\opq j
m f
� � f1o [−1, 1] j4� h k g+e}g+h j i�� f1d j � f1g+h j i1jt@n k7� d�82e j4�4r
� r � n2d�hyo j oBv�f j�k(j4� t@n k�� d�82e jV��� n2d�h i1j d �yj4��i�m d ��k(j4� {�n2d1q7hpg(n2d � qVn2d�hpg+d3f j4��� f
o [−1, 1] r


