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1. Programme scientifique / Description du projet

Technical and scientific description of the proposal

1.1 Problème posé/Rationale(1/2 page maximum)

Our project has its roots in braid theory. We propose to develop and extend one of the main components of this theory, namely the so-called Garside structure of braids. The aim of the project is to elaborate a unified theory of general Garside structures, and to apply it to the many situations of algebra, geometry, and low-dimensional topology where such structures occur. 

Braids are important and ubiquitous objects in mathematics. Braid theory is part of group theory as well as of low-dimensional topology, and has ramifications in numerous domains of mathematics such as algebraic geometry, representation theory, mathematical physics, dynamical systems and homotopy theory, with potential applications to other scientific areas, such as astrophysics and cryptology. The study of braid theory encompasses that of braid groups and their various extensions, such as Artin groups and surface braid groups. In 1969, Frank Garside solved the conjugacy problem for braid groups by introducing fractionary decompositions, and discovered some related lattice structures. Garside’s methods have since become standard tools in braid theory. In 1999, two of us (PD, LP) showed that much of Garside’s approach may be extended to a wider class of groups, called Garside groups. Braid groups are Garside groups, but there are many other examples. More recently, several authors, including Bessis, Krammer, Michel, and three of us (PD, FD, EG) observed that in many situations, the more general concept of Garside category gives rise to an elegant and powerful framework that enables one to incorporate many new examples, the most recent being Krammer’s construction of a Garside structure for general surface mapping class groups. At present, there is no well-established theory which treats all of the known examples. Our aim is to formulate such a theory, and to study its consequences for these examples. The designation of Garside theory for such a potential theory is an evident choice.

1.2 Contexte et enjeux du projet/Background, objective, issues and hypothesis (1 à 3 pages maximum)

The background to our project is the mathematical theory of braids and its extensions to algebra, geometry, and low-dimensional topology. The objective of the project is to develop and extend one of the specific aspects of this theory, namely that initiated by Garside's work, which has proved to be extremely fruitful over the past decade.

The mathematical study of braids originates in a paper of Emil Artin [Art-25] in 1925 where he described various definitions of braids: intuitively, as a collection of tended and interlaced strings; or more conceptually, in terms of a presentation given by generators and relations, as the fundamental group of a configuration space, and as the mapping class group of the punctured disc.

The theory of braids is closely related to many other domains. In order to describe the background of our project, we shall briefly mention three such areas (although there are many others): the connections with knot theory, with reflection groups, and algorithmic aspects.

During the 1930s, a strong connection between braids and links (and knots) was established by Alexander and Markov—see [Bir-74]. This relationship directly underlies the revival of knot theory that was initiated by Jones’ discovery of his famous polynomial during the 1980s, and by the discovery of related knot invariants inspired by the theory of braids—see [Jon-85], [Jon-87], [Fr&al-85], and [FrTr-88].

In the 1970s, deep relations between braids, algebraic geometry and the theory of finite groups generated by reflections were elucidated, in particular by Arnold [Arn-70a], [Arn-70b], [Arn-71] and Brieskorn [Bri-71a], [Bri-73]. These relations are particularly interesting when the concept of braid group is extended to Artin groups of spherical type, also called generalized braid groups. Introduced by Tits [Tit-66] as extensions of Coxeter groups, Artin groups, also known as Artin-Tits groups, were investigated primarily by Brieskorn [Bri-71b], [Bri-73], Saito [BrSa-72] and Deligne [Del-72]. These groups, which have a rich combinatorial theory, are also connected with hyperplane arrangements and singularities.

At the same time, several problems of an algorithmic nature in group theory, such as the word and conjugacy problems and the associated complexity issues, generated renewed interest, not only because of their applications to other domains, but also because of the general importance of effective arguments. The study of algorithms in braid groups has been particularly active and successful: more than a dozen solutions to the word problem have been described and analyzed. The conjugacy problem for the braid group, initially solved by Garside [Gar-69] in 1969, continues to be the focus of  intense research on account of the poor efficiency of the current solutions, and of the profound  theoretical difficulties.

The background and starting point of our project is the fact that Garside’s tools, originally conceived to solve just the conjugacy problem, have proved to be very powerful and deep. Furthermore, it has progressively come to light that the range of their applications is extremely broad. This discovery, which is really our starting point, occurred in several phases, which we shall now outline.

The so-called Garside monoids and Garside groups were first introduced in [DePa-99] in a somewhat restricted setting, and then generalized in [Deh-02] to the broader sense that is now commonly used. The general idea is to isolate those combinatorial properties of the braid groups that were exploited by Garside in [Gar-69]. The family of Garside groups includes not only braid groups and all spherical Artin-Tits groups, but also groups of a very different flavour, such as torus knot groups. The introduction of the framework of Garside groups proved to be especially appropriate for the study of algorithmic problems, notably by employing tools similar to rewrite systems. Most of the current investigation into algorithmic aspects of braid groups, and in particular the conjugacy problem, is undertaken within the setting of Garside groups. 

Secondly, it has been shown in recent years that the concept of Garside monoid (or group) can be fruitfully generalized to the case of monoids that need not be finitely generated [Dig-06], [Bes-06]. This extension made certain non-spherical Artin groups eligible for the emerging theory, in particular free groups, as well as affine Artin-Tits groups of type Ã. 

More recently, a further extension has been accomplished with the introduction of the notion of Garside category [Kra-xxa], [Kra-xxb], [DiMi-xx], [Bes-xx3]. The benefit of using the categorical framework is to separate the algebraic aspects from the geometric ones: roughly speaking, a Garside category is a discrete space on which a Garside group acts non-trivially. Garside categories proved to be a central idea in Bessis' solution of the K(pi,1) problem for complex reflection arrangements—see [Bes-xxb]—as well as in recent work (still partially in progress) by D. Krammer on general mapping class groups. 

In another direction, let us also mention the promising programme of J. McCammond who suggests the extension of the Garside framework to classical Lie groups (orthogonal groups for example), where decompositions as a product of reflections can be seen as an analogue of the greedy normal form of Garside groups.

The objective of our project is to investigate the concept(s) of “Garsideness” that has emerged from previous work. At a semi-superficial level, a Garside structure is always connected with the existence of a lattice on which a group acts, and this is certainly a good starting point. However, we suspect that deeper geometrical phenomena might be described by different means, notably involving the manner in which the greedy normal form (a standard decomposition that exists in each of the known Garside structures) can be computed by means of certain grid diagrams [Deh-xxb]. It may be that the real unifying principle that underlies the situation is the existence of the greedy normal form itself, the lattice structure and the other properties being consequences rather than the fundamental point.

We emphasize that our goal is by no means to develop an abstract theory that would be a generalization per se. As has been previously seen in Garside groups, taking a more general viewpoint may greatly help to elucidate the true statements and proofs, namely those that do not rely on specific properties of the examples for which they were first observed. Our main interest is in fact to use Garside theory to tackle related problems in algebra, geometry and topology (see below), including, but not restricted to, algorithmic problems and questions in representation theory.
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1.3 Objectifs et caractère ambitieux/novateur du projet/Specific aims, highlight of the originality and novelty of the project (1 à 2 pages maximum)

As mentioned above, the main objective of this project is the study and development of what could be called Garside theory, that is, a common theory that unifies the many examples and results currently known in the context of Garside structures, and to apply this theory to study some of the open questions in the various domains where such structures arise. Several lines of research can be foreseen. A non-exhaustive list includes:

A. General theory of Garside structures: determine the proper unifying axioms, and develop the properties of their common consequences. At present, it seems that the existence of the greedy normal form, both in its one-sided and symmetric versions, is the predominant unifying principle.

B. Geometry of Garside structures: very recent work by Bessis and Krammer, part of which is still in progress, suggests that the grid property, which is one of the characteristic features of Garside structures, gives rise to geometric phenomena reminiscent of a CAT(0) structure (or of a building); this is one of the most fascinating aspects of the theory.

C. Study of specific Garside structures: find and understand other examples of Garside groups and Garside groupoids; this also includes deepening our understanding of the existing examples. We intend particularly to seek examples arising in geometric topology, such as surface braid groups and mapping class groups.

D. Applications to algorithmic problems: pursue the combinatorial study of algorithmic problems involving braids, in particular the braid conjugacy problem, which remains one of the most puzzling (semi)-open questions regarding braids. As we stated above, the most natural setting for this is that of Garside groups.

E. Applications in representation theory: use Garside theory to compute centralizers in generalised braid groups, typically in complex braid groups, and deduce information about their action on Deligne-Lusztig varieties.

Points A and B deal with the construction of the theory, while C, D, E consist in applying this theory.

It should be clear that this programme is innovative and original: the very notion of Garside category was introduced less than two years ago, and the theory remains to be worked out. 

1.4  Description des travaux : programme scientifique/For each specific aim: a proposed work plan should be described (including preliminary data, work packages and deliverables) (10 pages maximum)

In order to make the description of our programme easier to follow, we divide it into five parts, according to the above-mentioned themes (these themes are however interrelated in many ways):

· general theory of Garside structures

· geometry of Garside structures

· study of specific Garside structures

· applications to algorithmic problems

· applications to representation theory.

For each of these themes, we first give some more precise background, including basic definitions and known results related to our programme, and then state the questions which we intend to address.

A. General theory of Garside structures

This is the base of the project, namely to build a framework that unifies the various known “Garside situations”.

A.1. Background and known results

• Braid groups: we recall a definition of the braid group. Given a positive integer n, we pick n basepoints in the plane. A braid on n strands is a collection of n paths in the plane, each path joining a base point to another base point, so that these paths never cross themselves, and maintain a fixed  direction (from left to right, say, as in the picture below). The concatenation of paths equips geometric braids with a natural product, and the homotopy classes of braids form a group, called (Artin's) braid group on n strands and denoted by Bn.

[image: image1.emf]
Another way of defining the braid group on n strands—there are many other ways—is to view it as the fundamental group of the configuration space of n points in the plane. The direct product of n copies of the plane is the space of n-tuples (x1, ... , xn) of elements of the plane. The subspace formed by the n-tuples for which the xi’s are pairwise distinct is called the configuration space of n ordered points in the plane. The symmetric group Sn acts properly on this space, and the quotient of this action, denoted by Nn, is the configuration space of n points in the plane. An element of Nn is in fact a n-point subset {x1, ... ,xn} of the plane. The configuration space Nn can also be interpreted as the quotient of a hyperplane complement by the symmetric group Sn . It is easily proved that the fundamental group of Nn is precisely the braid group on n strands.

As Artin showed in 1925, the braid group Bn may be also described in terms of generators and relations. There are n-1 generators, denoted 1, ...,  n-1 , which are subject to the following relations:

 i j =  j i
for |i-j| ≥ 2,   and    i j i =  j i j  for |i-j| = 1.

This presentation is the starting point of Garside's 1969 paper. His approach consisted in introducing the monoid Bn+ that is defined, as a monoid, by the above presentation of Bn: so Bn+ is similar to Bn but without inverses. He then proved that the monoid Bn+ satisfies some remarkable algebraic properties, in particular it possesses least common multiples and greatest common divisors. From this, Garside derived completely new results regarding the braid group Bn itself, and consequently was able to solve the conjugacy problem.

• Garside groups: it is not difficult to extract from the work of Garside and others, in particular Brieskorn and Saito who extended Garside’s results to all Artin-Tits groups, the purely-algebraic content of Garside’s arguments. After a little elaboration, one obtains the notions of Garside monoid and Garside group, which are nowadays defined as follows.

If M is a monoid, we say that an element a of M divides another element b on the left if b=ac for some c in M. Similarly, we say that a divides b on the right if b=ca holds for some c.

A monoid M is then said to be a Garside monoid if the following conditions are satisfied:

· divisibility in M  has no infinite descending sequence,

· M  is cancellative, that is, ab=ac or  ba=ca implies b=c,

· the left and right divisibility relations of M have a lattice structure, that is, any two elements of M possess a greatest common left divisor and a least common left multiple, and similarly on the right,

· there exists an element  in M whose left divisors coincide with the right divisors, and these divisors generate the monoid M. Such an element is called a Garside element.

A group G is said to be a Garside group if there exists a submonoid M of G that is a Garside monoid of which G is a group of fractions, that is, every element of G may be written as a fraction ab-1 with a,b belonging to M.

Garside’s results convey the fact that braid groups are Garside groups, and, similarly, Brieskorn-Saito’s results express the fact that all spherical Artin-Tits groups are Garside groups. Many more examples of Garside groups have been subsequently uncovered—see Part C below.

Garside groups have many attractive properties. They have soluble word and conjugacy problems, they are torsion free, admit canonical decompositions as a crossed product of irreducible components whose centre is cyclic, they are bi-automatic (if the divisors of the Garside element are finite in number), and they admit finite-dimensional classifying spaces. Another important property of Garside groups is that there exist effective criteria for detecting them from presentations.

• Garside groupoids: Diagrammatic aspects are prominent in many proofs involving Garside monoids and groups, so a categorical framework is very natural. The benefit of this change of viewpoint is that it allows us to obtain at once further generalizations, which in turn enables us to discover more examples.

At the time of writing, not all of the definitions are completely standardized, but, to give an idea, we  highlight the following notion. A small category C  is called locally Garside if:

· C  is cancellative,  

· any two morphisms of C that admit a common right multiple admit a pushout (that is, a least common right multiple), and, symmetrically, any two morphisms that admit a common left multiple admit a pullback (that is, a least common left multiple),

· C is Noetherian, that is, there is no infinite sequence of morphisms dividing a morphism.

The main difference between Garside monoids and Garside categories is that in the latter case, the product need not be defined everywhere, but just when the target of the first morphism coincides with the source of the second. A Garside monoid corresponds to a Garside category with a single object. The role of the Garside element  is now played by a natural transformation of the identity functor to a non-trivial automorphism of the category. Similarly, one has the notion of a Garside groupoid, which is a Garside category in which every morphism is an isomorphism. Then a Garside group is a Garside groupoid with a single object.

Interesting examples of Garside categories which are not Garside monoids are mentioned in section C below.

A.2 Work programme related to this theme

We propose to formalize the theory of Garside structures. At present, it seems that the unifying principle, both in the well-established examples (such as braid groups and Garside groups) and in the more recent ones (Garside categories associated with cell decompositions of a punctured disc, Garside structure on the mapping class groups, etc.) is the existence of a greedy normal form. The latter consists of a distinguished decomposition for each element of the given structure in terms of a family of so-called simple elements (the divisors of the Garside element  in the case of a Garside monoid). With D. Krammer, we are currently investigating the idea of a greedy category, which is a category endowed with a greedy normal form. The encouraging observation is that the existence of such a normal form may be described by purely local conditions—see [Deh-xxa] for a preliminary description in the specific language of braids.

What we hope to do is to build a unifying framework, and then come back to the known properties of Garside groups, say, to see how they adapt to this framework. For example, we have in mind structural results such as the decomposition of Garside groups as a bi-crossed product of irreducible components (Picantin’s theorem), the transposition of results such as the fact that the conjugacy category derived from a Garside group is itself a Garside category, as well as homological aspects (construction of effective ZM-resolutions of Z via the greedy normal form). 

Another topic we shall address is the description of a Garside groupoid in terms of a small core of the structure. In the now-classical case of a Garside group, it is known that all of the information regarding the structure is encoded in the finite set of divisors of the Garside element the simple elements). The extension of this result raises several questions. Two promising ideas are the so-called germs, and cubes. We shall also focus on the related question of the identification of effective criteria to recognize a Garside structure from a presentation.

Of course, this part of the programme also includes finding and analyzing new test-examples, and therefore requires constant feedback from Theme C of this description.

B. Geometry of Garside structures

Geometrical aspects are part of the general theory mentioned in Section A. However, we isolate them as a separate theme in order to stress their importance. In our opinion, this is one of the most promising and innovative themes of the project.

B.1. Background and known results

• Buildings: the notion of building was formulated by Tits to study algebraic groups. Deligne, in his celebrated article on spherical Artin-Tits groups and their classifying spaces, “Les immeubles des groupes des tresses généralisés”, was inspired by underlying geometrical ideas from the theory of buildings. At the heart of his analysis is the combinatorial structure of chambers and galleries, which is now known to correspond exactly to the Garside structure. Deligne’s ideas were recently extended by Bessis to study generalized braid groups associated with complex reflection groups, as well as  their classifying spaces. 

• CAT(0) spaces: the notion of CAT(0) spaces was conceived by Gromov and popularized by Bridson and Haefliger. Roughly speaking, a CAT(0) space is a metric space in which the geodesic triangles are thinner than the corresponding triangles in the Euclidean plane. Discrete groups which act properly and faithfully on CAT(0) spaces have many nice properties. We point out that Tits buildings can be equipped with CAT(0) metrics [Davis, Moussong]. A classical open problem in the theory of braid groups is to decide whether braid groups have proper and faithful actions on CAT(0) spaces. 

B.2 Work programme related to this theme

The general idea, due primarily to D. Krammer, is that the geometry furnished by a Garside structure is in many ways similar to the CAT(0) property. The key remark is that, in the Cayley graph of a Garside group, or more generally in a Garside category, or even more generally in a greedy category in the sense alluded to in Theme A above, the greedy normal form yields a geometry for triangles, and more generally for all types of convex hulls, which is very reminiscent of CAT(0) geometry. The still rather vague idea is that exactly as in CAT(0) geometry, there exist comparison triangles, and the actual triangles of the given structure resemble these comparison triangles. In the case of CAT(0) geometry, the comparison triangles are the triangles of Euclidean geometry. In our case, the comparison triangles are those associated with the simplest Garside structure, namely that of free Abelian groups Zn. Roughly speaking, this suggests that constructing a Garside structure on a space means defining a sort of coordinatization of that space, as is classical in linear algebra.

Concrete applications of these ideas are not clear at the moment. If the analogies with CAT(0) spaces can be strengthened, one might hope to obtain new results pertaining to the above question of the existence of a proper faithful action of braid groups on a CAT(0) space. However, the current philosophy is instead to replace CAT(0) spaces with another type of space for which similar results can be proved.

Finally, and in view of the adage “Garside looks like CAT(0)”, the definition and study of the boundary of a Garside group is an unexplored problem that we intend to address.

C. Study of specific Garside structures

The development of a general theory makes sense only if it enables one to understand better the existing examples, and identify new examples.

C.1 Background and known results

Below is a brief review of some classes of groups incorporated in the current theory. We do not repeat the description of braid groups, which are the original examples.

• Artin-Tits groups: an Artin group, or Artin-Tits group, is a group which admits a presentation comprising of a generating set S and relations which are all of the form

(*)   sts ... = tst ...

where s, t belong to S, both sides are of equal length, and such that, for all s, t in S, there is at most one relation (*). If G is an Artin-Tits group, the associated Coxeter group is the quotient W of G obtained by adding the relation s2=1 for each s in S.

An Artin-Tits group is said to be spherical if the associated Coxeter group is finite. It is known that spherical Artin-Tits groups are Garside groups. Moreover they possess two Garside structures: the classical one given by the monoid presented by the relations (*), and the dual structure, discovered in the case of the standard braid group by Birman, Ko and Lee, and generalized to all spherical Artin-Tits groups by Bessis. Furthermore, affine Artin-Tits groups of type Ã—which are not spherical—also possess the structure of a Garside group [Dig-06], as do free groups [Bes-06] which in both cases generalizes the dual Garside structure of the spherical case. Partial results are also known for the so-called Artin-Tits groups of FC type and of dimension 2 (results of Charney and Davis), but very little is known about more general Artin-Tits groups, for which even the word problem is open.

• Complex braid groups: a complex reflection group is a finite subgroup W of the unitary group U(n,C) generated by complex reflections. A complete classification of complex reflection groups was obtained by Shephard and Todd in 1954. Such a group is said to be well generated if it can be generated by n reflections, and badly generated otherwise, in which case it can be generated by n+1 reflections. If W is a subgroup of O(n), then W is a finite Coxeter group. For each reflection r of W, we denote by Hr the hyperplane fixed by r, and by M(W) the complement of the hyperplanes Hr in Cn. The group W acts freely on M(W), and the quotient N(W) of M(W) by this action is the complement in Cn of an algebraic variety. If W is real, that is, if it is a finite Coxeter group, then the fundamental group of N(W) is the Artin-Tits group associated to W [Brieskorn]. Presentations for π1(N(W)) have been determined for all complex reflection groups but one [Broué, Malle, Rouquier, Bessis, Michel]. Recently, Bessis proved that N(W) is always a K(π,1)-space. The key point in his proof consists in proving the existence of a (dual) Garside structure on the complex braid group associated to a well-generated complex reflection group. Then there is just one badly-generated Coxeter group that was not previously known to be a K(π,1)-space, but fortunately it is the centralizer of a periodic element (a root of a central element) of a well-generated group, which using divided categories, allows us to identify π1(N(W)) with the endomorphisms of an object in a Garside groupoid.

• Hyperplane arrangements: a (complex) hyperplane arrangement is a finite family of affine hyperplanes in the complex space Cn. The aim of the theory of hyperplane arrangements is to study the topology of the complement of the hyperplanes, notably its fundamental group. It is known that such a group has a Garside structure if the arrangement is simplicial. Nothing is known for the other families.

• Surface braid groups: fix a surface S and n basepoints belonging to S. A braid of S on n strands is a collection of n paths in S, each connecting a base point to another base point. Once again, we impose the condition that the paths never cross themselves. Braids are equipped with a natural product given by the standard composition of paths. The homotopy classes of braids form a group called the braid group on n strands of the surface S. The standard braid groups are examples of surface braid groups, as are Artin-Tits groups of type B which are the braid groups of the annulus, and hence are Garside groups in both cases. Nothing is known so far for other surfaces.

• Mapping class groups: the mapping class group of a surface S is the group of isotopy classes of diffeomorphisms of the surface. These groups are of importance in Teichmüller theory as well as in low-dimensional topology. One of the main advances is Krammer’s very recent construction of a weak Garside structure on general mapping class groups.

C.2. Work programme related to this theme

We propose both to seek new Garside structures, in particular within the various families mentioned above, as well as to return to the existing Garside structures. This line of research is flexible: it may mean establishing that a given group is a Garside group in the strict sense defined in Section 1, or proving the weaker statement that it admits the structure of a Garside groupoid—that is, essentially, it acts on a lattice, rather than being a lattice itself—or even proving the still-weaker statement that the considered group, although not a Garside groupoid, admits a greedy normal form and inherits the associated geometry (see Section 3 below).

More precisely, we plan to address the following problems for the groups listed above:

• in the case of Artin-Tits groups, the extension of the various partial results—in particular the Garside structure of type Ã—is an obvious, yet very difficult task;

• in the case of complex braid groups, find a Garside structure for π1(N(W)) in the unknown cases, that is, when W is badly generated and π1(N(W)) is not the centralizer of a periodic element in a well-generated group, and use this structure to investigate π1(N(W)) further;

• in the case of groups of hyperplane arrangements, define the structure of a Garside groupoid even in the case of a non-simplicial arrangement;

• in the case of surface braid groups: interpret the existing Garside structure of the Artin-Tits group of type Ã in terms of surface braid groups, and extend it to other surface braid groups; 

• in the case of mapping class groups (in collaboration with D. Krammer): use the test case of mapping class groups in order to identify the most relevant axioms of a Garside structure.

The list is not limited to the above examples. For instance, we wish to study the natural question of whether fundamental groups of 3-manifolds admit a (weak) Garside structure. 

Let us also mention another problem of a completely different type. Garside structures occur in general algebra in the so-called geometry monoids of algebraic laws. It recently came to light that a significant part of the theory of self-distributive systems elaborated by one of us (PD) in the late 1980's can be interpreted as the existence of a Garside category whose objects are terms. The interesting point is that this structure is a natural lifting of the standard Garside structure of braids: in particular, Garside's fundamental braid n lifts to a natural transformation of the Garside category of self-distributivity. A good test for the Garside theory will be to see if it allows us to make progress on the Embedding Conjecture, which is the main open question regarding the structure of self-distributive systems.

D. Applications to algorithmic problems

As we said above, it turns out that the framework of Garside groups is especially suitable for addressing various decidability problems raised initially for braid groups. 

D.1. Background and known results

Both due to its intrinsic interest and to its possible applications in the recently-emerging domain of braid-based cryptography, the prevailing problem in this area is the conjugacy problem for braid groups. Although this question was solved by Garside in 1969, the complexity of his solution is inherently exponential, and the quest for more efficient algorithms is a strong driving force in the field. Much progress has been made recently on this question, notably by the results of Birman, Gonzalez-Meneses, and Gebhardt on the so-called super-summit and ultra-summit sets. There are strong connections with the Nielsen-Thurston classification of braids viewed as homeomorphisms of the punctured disc, and the arguments are rather geometric in nature.

D.2. Work programme related to this theme

On various occasions, the generalization of results for braid groups to Garside groups necessitated new arguments that subsequently proved to be more efficient than the arguments originally given for braid groups. In view of this, we wish to investigate the conjugacy problem for Garside groups. Two obvious lines of attack consist in, firstly, intensifying the study of ultra-summit sets (work in progress with Gonzalez-Meneses and Gebhardt), and secondly, seeking an analogue of the Nielsen-Thurston classification in the general case of a Garside group. This is certainly a very difficult problem, but, if the analogy with CAT(0) geometry mentioned in Theme B can be made precise, it is not out of the question.

Yet another aspect that we intend to exploit is the use of alternative normal forms in braid groups (or in general Garside groups), such as the so-called alternating and cycling normal forms that were developed recently in [Deh-xxa]. Such normal forms lead to new cycling and decycling transformations similar to, but different from those commonly employed in the known solutions to the conjugacy problem. We shall investigate the connection between these and the classical conjugacy problem of braids, possibly bringing into play the standard braid ordering.

Finally, the conjugacy problem is a particular case of solving equations in a group. So far, very little is known about equations in braid groups, and more generally in Garside groups. As an initial step, we propose to study equations such as x4y4=z4 in braid groups.

E. Applications to representation theory

One of the most promising facets of Garside theory is its possible application to the study of representations of reductive groups in finite characteristic (finite groups of Lie type), which is related to Broué's conjectures. These seemingly independent topics turn out to be closely connected.

E.1. Background and known results

Representations of reductive groups in finite characteristic (finite groups of Lie type) are studied by means of their action on algebraic varieties such as Deligne-Lusztig varieties. The cohomology of these varieties yields all of the irreducible representations of the finite reductive group. Deligne-Lusztig varieties were originally associated with the elements of the Weyl group, but when studying the desingularizations of these varieties, one is led to extend the construction to all elements of the corresponding Artin-Tits monoid. A major role is played by the periodic elements (elements which have a central power) of the Artin-Tits monoid: for a variety associated to a periodic element b, there exists an action of the centralizer of b on the variety, which commutes with that of the reductive group. A special case of Broué's Abelian default conjectures predicts that the action induced on  cohomology factorizes through a cyclotomic Hecke algebra and yields the full commuting algebra of the representation of the reductive group. Some parts of this conjecture were first proved by Broué-Michel, and then by Digne-Michel-Rouquier and Digne-Michel—see [DiMi-06]. The crux of the solution is the computation of centralizers in Artin-Tits groups and complex braid groups. 

E.2. Work programme related to this theme

We aim to prove the above-mentioned consequences of the Broué conjectures concerning the action of centralizers on the corresponding Deligne-Lusztig variety, and the possible factorization of the action induced on the cohomology of the variety through the predicted cyclotomic Hecke algebra. To this end, we propose to apply general results regarding Garside structures in order to obtain a complete description of the appropriate centralizers, including the identification of the commutator with an explicit complex braid group. The main observation that should make the computation possible is that for each Garside monoid M (or each Garside category C), there exists a Garside category associated with conjugation in M (or C). 
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