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( = no connection with ordinary objects).
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o Definition.— The Axiom of Projective Determinacy (PD) is the statement
“Every projective set of reals is determined”. J

e Propositions (Moschovakis, Kechris, ...., 1970’s).— When added to ZF,

PD provides a complete and satisfactory description of projective sets of reals.

\

heuristically complete no pathologies: Lebesgue measurable, etc.

e Example.— Under ZF+PD, projective sets satisfy CH.

e So PD is a useful axiom, but not a natural one (why consider this axiom?),
contrary to large cardinal axioms, which are natural but (a priori) not useful.
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The axiom PD is true

e Theorem (Martin—Steel 1985, Woodin, 1987).— PD is a large cardinal axiom.

I
infinitely many Woodin PD (implies) infinitely
cardinals imply PD many Woodin cardinals

e “Corollary” (Woodin).— PD is true.

“Proof”: PD is both natural (as a large cardinal axiom), and
useful (as a determinacy property). O

e Why “true”? (Woodin) true = “validated on the basis of
accepted and compelling principles of infinity”. J

~» Think of the axiom of infinity: Is it true? (Yes) Why?

e Consensus: The base system for 21th century Set Theory is no longer ZF,
but ZF+PD.



3. 1987—present: Toward a solution of the Continuum Problem




e (=~ Cohen) CH and —CH not provable from ZF+PD.
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~~» Adding PD to ZF is only the first (second) step.
e So far three approaches (with three theorems of Woodin):

- Neutralizing forcing: “generic absoluteness” (1990’s)

test-approach, but limited
- Restricting to forcing-invariant properties: " generic multiverse” (1 2005)

a dead end
- Identifying one satisfactory universe: "ultimate-L” (1938-2006-present)

currently most promising



(o <

Qe




e Cohen's method of generic extensions: analogous to algebraic extensions

DA



Generic Absoluteness
e Cohen’s method of generic extensions: analogous to algebraic extensions
for K a field, a larger field K[a] controlled from within K;

N



Generic Absoluteness
e Cohen’s method of generic extensions: analogous to algebraic extensions
for K a field, a larger field K[a] controlled from within K;

for M a universe, a larger universe M[G] controlled from within M.

N



Generic Absoluteness
e Cohen’s method of generic extensions: analogous to algebraic extensions
for K a field, a larger field K[a] controlled from within K;

for M a universe, a larger universe M[G] controlled from within M.
any structure that satisfies the axioms of ZF



Generic Absoluteness
e Cohen’s method of generic extensions: analogous to algebraic extensions
for K a field, a larger field K[o] controlled from within K;

for M a universe, a larger universe M[G] controlled from within M.
any structure that satisfies the axioms of ZF

“forcing”



Generic Absoluteness
e Cohen’s method of generic extensions: analogous to algebraic extensions
for K a field, a larger field K[a] controlled from within K;

for M a universe, a larger universe M[G] controlled from within M.
any structure that satisfies the axioms of ZF

“forcing”
e Example (Cohen, 1963): From M satisfying CH, extension M|[G] satisfying —CH.

N



Generic Absoluteness
e Cohen’s method of generic extensions: analogous to algebraic extensions
for K a field, a larger field K[a] controlled from within K;

for M a universe, a larger universe M[G] controlled from within M.
any structure that satisfies the axioms of ZF “forcing”
e Example (Cohen, 1963): From M satisfying CH, extension M |G| satisfying —CH.
e Many properties can be changed using forcing,

but not the properties of (hereditarily) finite sets :

N



Generic Absoluteness
e Cohen’s method of generic extensions: analogous to algebraic extensions
for K a field, a larger field K[a] controlled from within K;

for M a universe, a larger universe M[G] controlled from within M.
any structure that satisfies the axioms of ZF

“forcing”
e Example (Cohen, 1963): From M satisfying CH, extension M|[G] satisfying —CH.

e Many properties can be changed using forcing,

but not the properties of (hereditarily) finite sets : cannot change 2 + 2 = 4.

N



Generic Absoluteness

e Cohen’s method of generic extensions: analogous to algebraic extensions
for K a field, a larger field K[a] controlled from within K;
for M a universe, a larger universe M |G] controlled from within M.

any structure that satisfies the axioms of ZF “forcing”

e Example (Cohen, 1963): From M satisfying CH, extension M|[G] satisfying —CH.

e Many properties can be changed using forcing,
but not the properties of (hereditarily) finite sets : cannot change 2 + 2 = 4.

e Theorem (folklore, 1960’s).— Under ZF,

properties of hereditarily finite sets are generically absolute.

invariant under forcing



Generic Absoluteness

e Cohen’s method of generic extensions: analogous to algebraic extensions
for K a field, a larger field K[a] controlled from within K;
for M a universe, a larger universe M |G] controlled from within M.

any structure that satisfies the axioms of ZF “forcing”

e Example (Cohen, 1963): From M satisfying CH, extension M|[G] satisfying —CH.

e Many properties can be changed using forcing,
but not the properties of (hereditarily) finite sets : cannot change 2 + 2 = 4.

e Theorem (folklore, 1960’s).— Under ZF,

properties of hereditarily finite sets are generically absolute.

invariant under forcing
(explains why ZF is heuristically complete as for properties of hereditarily finite sets)



Generic Absoluteness
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for K a field, a larger field K[a] controlled from within K;
for M a universe, a larger universe M |G] controlled from within M.

any structure that satisfies the axioms of ZF “forcing”

e Example (Cohen, 1963): From M satisfying CH, extension M|[G] satisfying —CH.

e Many properties can be changed using forcing,
but not the properties of (hereditarily) finite sets : cannot change 2 + 2 = 4.

e Theorem (folklore, 1960’s).— Under ZF,

properties of hereditarily finite sets are generically absolute.

L ‘ :
invariant under forcing
(explains why ZF is heuristically complete as for properties of hereditarily finite sets)

e Theorem (Foreman—Magidor—Shelah, 1988).— Under ZF+PD,

properties of hereditarily countable sets are generically absolute.
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Freezing H(N1)

e Question (*): Can one find (natural) axioms that make
the properties of sets that are hereditarily of cardinality < N; generically absolute?

\
H(Nq)
e Important for CH, because CH always encodable as a property of H(N;):
an axiom making the properties of H(N1) generically absolute should decide CH.

= there is no exotic large cardinal

e Theorem (Woodin, 1999).— Under ZF+4PD, if the Q2-conjecture is true,

every axiom making the properties of H(N;) generically absolute implies —CH.

e Meaning of the result (Woodin): Does not solve the Continuum Problem,
but proves that a mathematical answer (a theorem) can eventually be given:

In spite of forcing, CH and —CH are not indiscernible. J

e Limitation: Generic absoluteness impossible for H(N2) and higher
~» a good test of what can be done, but cannot be the final answer.
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The generic multiverse

e Possible (approach) viewpoint: There is no way to prefer one universe
or another one, in particular a generic extension.

e Hence introduce the generic multiverse,

smallest family of universes that is closed under generic extension

and consider as valid only those properties that are satisfied in all universes of the
generic multiverse (and consider the others, e.g., CH, as meaningless).

e Theorem (Woodin, 2005).— Under ZF+PD, if the Q2-conjecture is true, the family
of all statements that are valid in the sense above has the same algorithmic complexity

as the family of all true statements of third-order arithmetic.

\
involving N, ‘B(N), and P(P(N)) Turing reducibility

e But the complexity of larger and larger fragments should be higher and higher.

~» |mpossible to stick to such a point of view...
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dinal) such that the (possible) L-like universe that is compatible with large cardinals

up to that level is automatically compatible with all large cardinals.

|
“ultimate-L”

e Now, a realistic hope to complete the program.

o Still to do (2011): Give an explicit construction of ultimate-L, and complete the
proof that it is L-like (= as canonical and well understood as L, L[U], L[E]).
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